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  الهندسة  
  مع تمارين وأمثلة محلولة  ملخص لدرس: الجداء السلمي : 14مذكرة رقم

  وا�)�رات ا��&
%$ة #" ا��رس : ا�ھ�اف 
  
  
  
  
  
  
  
  

I. :0/ر�*� 0/$*�1:"�
K�
  : ا���اء ا�>��� ��
$4��u
�

vو
�

 :S!1% ى��&
�J��� u!$ �$ ا� AB=
� ����

vو AC=
� ����

  


Hو C'6�� دي�
� Cا�
&'a ا��!'�&
)��� ا� )AB.  

 $!�J��
�� *
uا���اء ا�&�
�

vو
�

ا���د ا�1'!'* ا�Gي ���# �W  ھ� 

#����%u v⋅
� �

 :*�� �
  و ا�
��وف %

� nK�; إذاAB
����

AHو 
����


� Q�K ا�
�16 >�ن: J�  

u v AB AH⋅ = ×
� �

  

� nK�; إذاAB
����

AHو 
����


� �16!�ن ����;&�ن >�ن: J�  

u v AB AH⋅ = − ×
� �

  

� M�4K وu v AB AH⋅ = ⋅
� �

uأو  v AB AC⋅ = ⋅
� �

  
 0/$*�  : ا�.��J ا��	�	�� ����اء ا�>���:2

nK�; إذاu
�

vو
�

�6���!$ و  � �!O $!�J���α
 �BACھ� �!�س ا�#او�

 S!Du AB=
� ����

vو AC=
� ����

  >�ن: 

cosu v u v α⋅ =
� � � �

             :���
� cos
u v

u v
α ⋅=

� �

� �                         

"/$���!4$ :  1#	�ل أو 
4

π $!�J��
�u!��� �#او�
 ا�
�

vو 
�

 

:S!D5
2

2
u =
�

4vو =
�

  M&Dأu v⋅
� �

 

5ا���اب: 2
cos 4 5 2

4 2 2
u v u v

π ⋅ = × × = × × = 
 

� � � �
 

"/$��2 :$4!�ABC  وي�&� W��k ع ط�ل]k وي ا�&�� �I�I�
6cm   $4!و�H
C'6�� دي�
� Cا�
&'a ا��!'�&
)��� ا� )AB.  

 M&DأAB AC⋅
���� ����

CHو      HB⋅
���� ����

  

S�I ��&�وي ا k[ع >�ن ;+ زوا��ه ��'��&
 و�!�س ;+ %
� أن اا���اب:�
زاو�
 ھ�

3

π   

:W6و�cos cos
3

AB AC AB AC A AB AC
π∧  ⋅ = × × = ×  
 

���� ���� ���� ����

1
6 6 18

2
AB AC⋅ = × × =
���� ���� 

cos cos 0 0
2

CH HB CH HB H CH HB CH HB
π∧  ⋅ = × × = × = × × = 
 

���� ���� ���� ����   

"/$��3 :$4!�EFG :S!1% �I�I�5EF 3EGو = = 
6EFو EG⋅ = −

���� ����
      M&Dأ�( )cos FEG   

)�ا���اب: )cos 6EF EG EF EG FEG= × = −
���� ���� ���� ����
i  

  *6���( )cos 6EF EG FEG× = −  

  *6���( )5 3cos 6FEG× = −  

  *6���( ) 6 2
cos

15 5
FEG = − = −  

"/$��4 :$4!�ABC  S!1% �I�I�3AB 4ACو= = 

�و 2

3
BAC

π=          M&DأAB AC⋅
���� ����

.  

2ا���اب:
cos cos

3
AB AC AB AC A AB AC

π∧  ⋅ = × × = ×  
 

���� ���� ���� ����  

3 3
4 3cos 12cos 12cos

3 3 3 3
AB AC

π π π π ππ−     ⋅ = × = − = −     
     

���� ����  

3 3
4 3cos 12cos 12cos

3 3 3 3
AB AC

π π π π π−     ⋅ = × = − = −     
     

���� ����  

) ن :  )cos cosx xπ − =   اذن :   −
1

12 6
2

AB AC⋅ = − × = −
���� ����  

II. :���<ت ا���اء ا���?�@  
 $4��u
�

vو
�

wو 
��

  e[ث ����Jت: 

� u v v u⋅ = ⋅
� � � �

  

� ( )u v w u v u w⋅ + = ⋅ + ⋅
� � �� � � � ��

  

� ( )u kv ku v⋅ = ⋅
� � � �

 $4� �
J�k$�ℝ. 

:�%45#
2

u u u⋅ =
� � �

��Ku# ل u⋅
� �

ب 
2

u
�

,*
  : و �&
� ا�
�%] ا�&�

�  
22

u u=
� �

2اذن
u u=
� �

  

�  nK�; و اذاu AB=
� ����

>�ن
2

AB AB=
����

 
:�#�Kت ا��(=�,
  ا��

( )2 2 2 2
2u v u v u u v v+ = + = + ⋅ +

� � � � � � � �
  

( )2 2 2 2
2u v u v u u v v− = + = − ⋅ +

� � � � � � � �
  

( )( ) 2 2
u v u v u v+ − = −
� � � � � �

  

"/$��5 : $4��u
�

vو 
�

1% $!�J���:S!5u =
�

3vو =
�

3و 

2
u v⋅ = −
� �

  

M&Dأ 
2

u
�

و 
2

v
�

)و   )2

u v+
� �

)و  )2
u v−
� �

) و  ) ( )u v u v− +
� � � �

و    

( ) ( )3 2 5u v u v− ⋅ +
� � � �

)و    ) ( )5 5u v u v− ⋅ +
� � � �

  

ا���اب:
22 25 25u u= = =

� �
22و    23 9v v= = =

� �  
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  ( ) ( )2 2 22 2 2 232 2 5 2 3 25 3 9 312u v u u v v u u v v+ = + ⋅ + = + ⋅ + = + − + = − + =
� � � � � � � � � �

( ) ( )2 2 22 2 2 232 2 5 2 3 25 3 9 372u v u u v v u u v v− = − ⋅ + = − ⋅ + = − − + = + + =
� � � � � � � � � �

2 22 2 2 25 3 25 9 16u v u v= − = − = − = − =
� � � �( ) ( )u v u v− +

� � � �  

( ) ( )3 2 5 3 3 5 2 2 5u v u v u u u v v u v v− ⋅ + = ⋅ + ⋅ − ⋅ − ⋅
� � � � � � � � � � � �

  

( ) ( ) 2 2
3 2 5 3 15 2 10 3 25 13 10 9u v u v u u v u v v u v− ⋅ + = + ⋅ − ⋅ − = × + ⋅ − ×
� � � � � � � � � � � �

( ) ( ) 3 39 69
3 2 5 75 13 90 15

2 2 2
u v u v

 − ⋅ + = + − − =− − =− 
 

� � � �
  

( ) ( ) ( ) ( ) ( ) ( )2 2 2 2

5 5 5 25 25 25 9 616u v u v u v u v− ⋅ + = − = − = × − =
� � � � � � � �

  

45u�ن :@�?��
�

vو
�

�����0�5!$ إذا و >'a إذا ;�نu v⋅ =
� �

 M�4K وu v⊥
� �

  

:���
�( ) ( )AB CD⊥إذا ;�ن a'< 0إذا وAB CD⋅ =
���� ����

.  

III. :�/6 ا�2اوW�7 \�	# �R �/$

�75ت # 
:��?�@$4!�ABC و �I�I�H  
C'6�� دي�
)���Aا�
&'a ا�� )BC.  


� >* ABCإذا ;�نE��A :ن�<  

1(  2 2 2AB AC BC+ )                             �.�ھ6
 >!��O�رس(    =
2     (AC AB AH BC× = ×             

3 ( 2BA BH BC= 2CAأو× CH BC= ×                                  

4   (2AH HB HC= ×  

))1%�اھ!$ :  )22 2 22 2BC BC BA AC BA BA AC AC= = + = + ⋅ +
���� ���� ���� ���� ���� ���� ����

  

: �6���BA AC⊥
���� ����


� >* ABC ن  E��A:2اذن 2 2BC BA AC= +  

2  : S�I
))  %���.�ر ا� )ABC :ˆsin
AC

B
BC

=      : S�I
و  %���.�ر ا�

( )ABH  :ˆsin
AH

B
AB

= W6و�AC AH

BC AB
=   :  W6و�AC AB AH BC× = ×  

3$4!� (ABC و �I�I� H  
C'6�� دي�
)���Aا�
&'a ا�� )BC  .

  : S�I
)%���.�ر ا� )ABC    :ˆcos
AB

A
AC

=   

   : S�I
)و  %���.�ر ا� )ABH :ˆcos
BH

B
AB

=      W6و�AB BH

AC AB
=  

    W62و�AC CH BC= ×  

"/$��� ا�#او�
  >*ABC #	�ل: : 6E��  S�I�A    وH  a'&
ا�

 
C'6�� دي�
)���Aا�� )BC : M&Dأ.AC    وBH  وAH   و

HC   : أن �
��2AB cm=     5وBC cm=  
�2
.��Yة >�ن :M&D �.�ھ6
 >!��O�رس اا���اب:  2 2BC AB AC= +  

: *6��2 2 2AC BC AB= −�: *6�2 2 25 2 21AC = − = 
�: *6�21AC cm=  

:�6��� 
���
2ABوM&D ا��[��ت ا� BH BC= ×  
�: *6�

2 4

5

AB
BH cm

BC
= =  

:�6��2ACو� CH CB= ×�: *6�
2 21

5

AC
CH cm

BC
= =  

:�6��ABو� AC AH BC× = ×�: *6�2 21

5

AB AC
AH cm

BC

×= =  

IV.:�Q�Eھ&� ا�$+#  
:��?�@ $4!�ABC �I�I�

:�6����( )2 2 2 2 cosBC AB AC AB AC BAC= + − × ×  

:jW�
�  

1. �( )
2 2 2

cos
2

AB AC BC
BAC

AB AC

+ −=
×

  

2. 2 2 2 2BC AB AC AB AC= + − ⋅
���� ����

 

W6� و( )2 2 21

2
AB AC AB AC BC⋅ = + −
���� ����

  


 ا و��: .3�]��� $!��e�
       ھ�6ك �[��!$ �
   �( )2 2 2 2 cosAB CA CB CA CB ACB= + − × ×   

�( )2 2 2 2 cosAC BA BC AB BC ABC= + − × ×  

"/$��7 : $4!�ABC:S!1% �I�I� � 2

3
BAC

π=  8وAC = 

5ABو =   .1(  M&DأBC.  2(  �cosACB    
  DBC&�ب)1ا���اب:

 S�I
  M&DABC �.�ھ6
 ا�Y�4*: >* ا�
:�6����2 2 2 2 cosBC AB AC AB AC BAC= + − ×  

�: *6��2 2 25 8 2 8 5cosBC BAC= + − × × 
�: *6�2 2

89 80cos
3

BC
π = −  

 
�: *6�2 3

89 80cos
3

BC
π π− = −  

 
 

�: *6�2 3
89 80cos

3 3
BC

π π = − − 
 

�: *6�2 89 80cos
3

BC
ππ = − − 

 
 

�: *6�2 89 80 cos
3

BC
π  = − −   
  

) ن :    )cos cosx xπ − = −     

�: *6�2 1
89 80

2
BC

 = +  
 

  �: *6�2 89 40BC = +�: *6�2 129BC =      

�: *6�129BC =      

  D(�cosACB&�ب2
 S�I
  M&DABC �.�ھ6
 ا�Y�4*: >* ا�

:�6����2 2 2 2 cosAB AC BC AC BC ACB= + − × 

�: *6�( ) �2
2 25 8 129 2 8 129 cosACB= + − × × 

�: *6��25 64 129 16 129 cosACB= + − 
�: *6��25 193 16 129 cosACB− = − 

�: *6��168 16 129 cosACB− = −� *6�

:� 168 168 129 21 129 7 129
cos

2064 258 8616 129
ACB

−= = = =
−

 

V. :T��
  #+$ھ&� ا��
:��?�@$4!�ABC و �I�I�I 
�C'�6(: ا��[ ]BC  

:�6��� 
2

2 2 22
2

BC
AB AC AI+ = +  

:$�GM� :T��
 �C'KΡ!$ �$ ا�
&��ى Bو Aإذا ;�nK  #+$ھ&� ا��

 Iو�C'�6(: ا��[ ]AB . نf<2 2 2 21

2
2

MA MB MI AB+ = +  

�ABC:S!1% �I�I� 4BC!4$   #	�ل:  cm=6وAC cm= 
3ABو cm= $4�� وI  :)�6�[ ]BC  M&DأAI. 

��M&DABC:�6 �.�ھ6
 ا�
���a ��� ا�
S�I ا���اب: �   
2 2 2 21

2
2

AB AC AI BC+ = +�: *6�2 2 2 21
3 6 2 4

2
AI+ = +  

�: *6�2 16
9 36 2

2
AI+ = +�: *6�245 8 2AI− =�: *6�237 2AI=  

�: *6�2 37

2
AI =�: *6�37

2
AI =  

"/$��8 :   $4!�ABM:S!1% �I�I� 4AB cm=3وAM cm= 
4BMو cm=  
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]�I:)�6و ��$4   ]AB  وJ:)�6�[ ]AM  وK:)�6�[ ]BM  

 BJوAKو  MIأM&D  ا�
&�>�ت  
��M&DABM:�6 �.�ھ6
 ا�
���a ��� ا�
DMI: S�I&�با���اب: �   

2 2 2 21
2

2
MA MB MI AB+ = +�: *6�2 2 2 21

3 4 2 4
2

MI+ = +  

�: *6�2 16
9 16 2

2
MI+ = +�: *6�225 8 2MI− =�: *6�217 2MI=  

�*6� :2 17

2
MI =�: *6�17

2
MI = 

��M&DABM:�6 �.�ھ6
 ا�
���a ��� ا�
DAK: S�I&�ب�   
2 2 2 21

2
2

AB AM AK BM+ = +�: *6�2 2 2 21
2 3 2 4

2
AK+ = +  

�: *6�225 8 2AK− =��: *6217 2AK=  

�: *6�2 17

2
AK =�: *6�17

2
AK = 

��M&DABM:�6 �.�ھ6
 ا�
���a ��� ا�
DBJ: S�I&�ب�   
2 2 2 21

2
2

AB BM BJ AM+ = +�: *6�2 2 2 21
4 4 2 3

2
BJ+ = +  

�: *6�29
32 2

2
BJ− =�: *6�255

2
2

BJ=  

�: *6�2 55

4
BJ =�: *6�55

4
BJ =�: *6�55

2
BJ =  

"/$��9 : $4!�ABC:S!1% �I�I� 1AB 2ACو   = 2CBو  = = 

  D  S!1%و��$4 C'K2 0DB DC+ =

���� ���� �
  

1%!$ أن :  )1

2
AB AC⋅ = −
���� ����

 V�6وا���cosA    

2(  : M�;اAD
����

 
�Z�%AB
����

ACو 
����

 
3(  M&DأAD AB⋅

���� ����
 ABDا��V�6 ط.!�
 ا�
S�I   و 

4(  M&DأAD  
5(  $4!�I 
�C'�6(: ا��[ ]BC وJ 
�C'�6(: ا��[ ]AC  

 M&DأAI وBJ  
  M&DABC �.�ھ6
 ا�Y�4*: >* ا�
S�I )1ا���اب:

:�6����2 2 2 2 cosBC AB AC AB AC A= + − ×  
� أن :��Kوcos cosAB AC AB AC A AB AC A

∧ ∧
⋅ = × × = × ×

���� ���� ���� ����  

2اذن :  2 2 2BC AB AC AB AC= + − ×
���� ����

  

%:��K F������
22 22 1 2 2AB AC= + − ×
���� ����

  
�: *6�4 1 2 2AB AC= + − ×

���� ����
�: *6�1 2AB AC= − ×

���� ����
  

�: *6�1

2
AB AC× = −
���� ����  

���cosA:�6ا����6ج : �:cosAB AC AB AC A
∧

⋅ = × ×
���� ����

� *6�
:1

cos
2

AB AC A
∧

− = × ×�: *6�1
1 2 cos

2
A
∧

− = × ×� :*6�

( )2

1
1 1 1 2 22c o s
2 42 2 2 2 2 2

A
∧ −

= = − = − = − = −
 

2(2 0DB DC+ =
���� ���� �

�: *6�( )2 0DA AB DA AC+ + + =
���� ���� ���� ���� �

  

2 2 0DA AB DA AC+ + + =
���� ���� ���� ���� �

�: *6�3 2 0AB DA AC+ + =
���� ���� ���� �

  
�: *6�2 3AB AC DA+ = −

���� ���� ����
�: *6�2 3AB AC AD+ =

���� ���� ����
  

�: *6�( )1
2

3
AD AB AC= +
���� ���� ����  

3(( ) ( )1 1
2 2

3 3
AD AB AB AC AB AB AB AC AB⋅ = + = ⋅ + ⋅
���� ���� ���� ���� ���� �������� ���� ����

  

( ) ( )2 21 1 1 1
2 2 1 2 0

3 3 3 2
AB AC AB AB AC AB

  = + ⋅ = + ⋅ = + − =  
  

���� ���� ���� ���� ����
  

 : W60و�AD AB⋅ =
���� ����

ADو%�����*   AB⊥
���� ����

� ا�#او�
 >*ABDأي :   E��A   

4:�6���(( )1
2

3
AD AB AC= +
���� ���� )اذن :  ���� )

2
2 1

2
3

AD AB AC
 = + 
 

���� ���� ����   

)اذن :   ) ( )( ) ( )2 2
2 2 21 1

2 4 4 4
9 9

AD AB AC AB AC AB AB AC AC= + + ⋅ = + ⋅ +
���� ���� ���� ���� ���� ����   

( )2 1 1 1 7
1 4 4 2 1 2 8

9 2 9 9
AD

  = + − + × = − + =  
  

7اذن :   7

9 3
AD = = 

5 S�I
��M&D(ABC:�6 �.�ھ6
 ا�
���a ��� ا��   
2 2 2 21

2
2

AB AC AI BC+ = +�: *6�22 2 21
1 2 2 2

2
AI+ = +  

�: *6�23 2 2AI= +�: *6�23 2 2AI− =�: *6�21 2AI=  

�: *6�2 1

2
AI =�: *6�1

2
AI =  

 S�I
��M&DABC:�6 �.�ھ6
 ا�
���a ��� ا��   
2 2 2 21

2
2

BA BC BJ AC+ = +�: *6�22 2 2 1
1 2 2 2

2
BJ+ = +  

�: *6�25 2 1BJ= +�: *6�25 1 2BJ− =�: *6�24 2BJ=  
�: *6�2 2BJ =�: *6�2BJ =  

"/$��10 : $4!�ABC : S!1% �I�I� 3 BC=  وAC= 2   

  Iو �!AB = 7  $4و �C'�6(: ا�� [ ]BC  


�ل �.�ھ6
 ا��Y�4 أM&D)أ)1����% cos( )B AC
∧

  
1AB ب)أn.e أن : AC⋅ =

���� ����
  

M&Dج)أ  AI  
2  
C'6ا� �.��K(M  :  S!1% 1 1

3 6
AM AB AC= +
����� ���� ����  

M  AMأD& ) أ AC⋅
����� ����

  
0MB %!$ أن : ) ب AC⋅ =

���� ����
   

$!
!'�&
�� 
.&6��% V�6�&5 ذا�� ( )MB  و( )AC                              
  M&DABC �.�ھ6
 ا�Y�4*: >* ا�
S�I )أ)1ا���اب:

:�6����2 2 2 2 cosBC AB AC AB AC A= + − ×  
:��K F������%�( )9 4 7 4 7 cosA= + −  

�: *6��( )2 4 7 cos A− = −� *6�

�( ) ( )2

2 1 7 7
cos

144 7 2 7 2 7
A = = = =

  

���6:)ب)1�cosAB AC AB AC A
∧

⋅ = × ×
���� ����

� *6�

( )2

77 14
2 7 2 1

14 14 14
AB AC⋅ = × × = × = =
���� ����  

 M&DABC �.�ھ6
 ا�
���a: >* ا�
S�I )ج)1
2 2 2 21

2
2

AB AC AI BC+ = +�: *6�2 2 2 21
7 2 2 3

2
AI+ = +  

�: *6�2 9
11 2

2
AI= +�: *6�213

2
2

AI=�: *6�2 13

4
AI =�: *6�13

4
AI = 

1)أ)2 1 1 1

3 6 3 6
AM AC AB AC AC AB AC AC AC

 ⋅ = + ⋅ = ⋅ + ⋅ 
 

����� ���� ���� ���� ���� ���� ���� ���� ���� 

2 21 1 1 1 1 1 1 2
1 4 1

3 6 3 6 3 6 3 3
AM AC AC AC⋅ = × + = + = + × = + =
����� ���� ���� 

))ب)2 )MB AC MA AB AC MA AC AB AC⋅ = + ⋅ = ⋅ + ⋅
���� ���� ���� ���� ���� ���� ���� ���� ����

 

1 1 0M B A C A M A C A B A C⋅ = − ⋅ + ⋅ = − + =
���� ���� ����� ���� ���� ����
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                                                                                     ���� ����	
                               ا��
�ذ : 

  : c&#وM B A C⊥
���� ����

 : 
�����)و$ ) ( )M B A C⊥ 

"/$��11 :  $4!�ABC:S!1% �I�I� 1AB 2BCو   = AC= =  

  D  S!1%   وC'K2 0DB DC− =

���� ���� �

 Iو  �C'�6(: ا��[ ]AB.  

1.   M&DأCI 

2.  $� �.�AD
����

  
�Z�%AB
����

ACو   
����

  

AB%!$ أن :  .3 AC AB AI⋅ = ⋅
���� ���� ���� ���

  

V�1 أن: ا��6 .4

2
AB AC⋅ =
���� ����  V�6و ا���cosBAC  

5.  M&DأAB AD⋅
���� ����

  S�I
  BADو ا��V�6 ط.!�
 ا�

6.  
C'6ا� �.��KM  : S!D3 7 0MA MC− + =
���� ����� �

  

AM�.� �$  . أ
�����

  
�Z�%AC
����

  M&Dو أAC AD⋅
���� ����

  
)%!$ أن . ب ) ( )MD AC⊥ 

��M&DABC:�6 �.�ھ6
 ا�
���a ��� ا�
S�I )1ا���اب:�   
2 2 2 21

2
2

BC AC CI AB+ = +�: *6�2 2 2 21
2 2 2 1

2
AI+ = +  

�: *6�2 1
4 2

2
CI= +�: *6�27

2
2

CI=�: *6�27

4
CI=  

�: *6�7 7

4 2
CI = =  

2(2 0DB DC− =
���� ���� �

�: *6�( )2 0DA AB DA AC+ − + =
���� ���� ���� ���� �

  

�: *6�2 2 0DA AB DA AC+ − − =
���� ���� ���� ���� �

�: *6�2 0DA AB AC− + − =
���� ���� ���� �

  

�: *6�2 2AD AB AC AC AB= − + = −
���� ���� ���� ���� ����

  

3(( )AB AC AB AI IC AB AI AB IC⋅ = ⋅ + = ⋅ + ⋅
���� ���� ���� ��� ��� ���� ��� ���� ���

  

 �6���I 
�C'�6(: ا��[ ]AB  وABC  *< $!��&وي ا��&��C  

 W6و�( ) ( )IC AB⊥  أيAB IC⊥
���� ���

  : W60و�AB IC⋅ =
���� ���

  

ABو%�����* :  AC AB AI⋅ = ⋅
���� ���� ���� ���

  

4(cos0 1 cos0
2

AB
AB AC AB AI AB AI AB AI AB⋅ = ⋅ = ⋅ = ⋅ ⋅ = ⋅ ⋅
���� ���� ���� ��� ���� ���

  

1 1
1

2 2
AB AC⋅ = ⋅ =
���� ����  

1و"�D �cosBAC   �K&�ب

2
AB AC⋅ =
���� ����

� *6�1
cos

2
AB AC A

∧
× × =  

�� *61
1 2 cos

2
A
∧

× × =� *6�1
cos

2 2
A
∧

=� *6�2
cos

4
A
∧

=  

5(   �K�2ADو" AC AB= −
���� ���� ����

  اذن :  

( )2AB AC AB⋅ −
���� ���� ����

AB AD⋅ =
���� ����

  

2AB AC AB AB⋅ − ⋅
���� ���� ���� ����

AB AD⋅ =
���� ����

  
2

2AB AC AB⋅ −
���� ���� ����

AB AD⋅ =
���� ����

�*6�  
21

2 1 1 0
2

AB× − = − =AB AD⋅ =
���� ����

ABأي   AD⊥
���� ����

   

 c&#وBAD �R �/6 ا�2اوW�7A  
3)أ)6 7 0MA MC− + =

���� ����� �
�*6�( )3 7 0MA MA AC− + + =

���� ���� ���� �
  

�*6�3 7 7 0MA MA AC− + + =
���� ���� ���� �

�*6�3 7 7 0AM AM AC− + =
����� ����� ���� �

  
�*6�4 7AM AC− = −

����� ����
�*6�7

4
AM AC=
����� ����  

DAC&�ب  AD⋅
���� ����

  ؟؟؟؟

( ) 2
2 2AC AB AC AC AB AC− ⋅ = − ⋅
���� ���� ���� ���� ���� ����

AD AC⋅ =
���� ����

  

2
2AC AB AC− ⋅
���� ���� ����

AD AC⋅ =
���� ����

�*6�22AC AB AC− ⋅
���� ����

AD AC⋅ =
���� ����

  

� *6�1 1 7
2 2 4

2 2 2
× − = − =AD AC⋅ =

���� ����
  

))ب)6 )MA AD AC MA AC AD AC+ ⋅ = ⋅ + ⋅
���� ���� ���� ���� ���� ���� ����

MD AC⋅ =
����� ����

  

7

2
AM AC= − ⋅ +
����� ����

MD AC⋅ =
����� ����

�*6�  

7 7 7 7
2 0

4 2 2 2
= − ⋅ + = − + =MD AC⋅ =

����� ����
MDأي  AC⊥

����� ����
   

 c&#و( ) ( )MD AC⊥  

"/$��12 :  $4!�ABCWو ��&�وي ا�&��!$ رأ� 
� ا�#او�E�� S�I�B 

:S!1%2AB =  
  (أ�hK ا�49+)�B j96KABDر"W ا�
S�I ا�
�&�وي ا k[ع 

1( :M&DأBA BD⋅
���� ����

BCو  BD⋅
���� ����

  
2( : M&DأAC وDC  
1%!$ أن )3 3AC AD⋅ = −

���� ����
   

�15') �$ أن )4 7

12
DAC

π=  

7ا��V�6 أن )5 2 6
cos

12 4

π −=  

)1ا���اب:

( )2 1
cos cos 2 1

3 2
BA BD BA BD ABD AB BD

π∧
⋅ = ⋅ = ⋅ ⋅ = ⋅ =

���� ���� ���� ����
  

( )2 3
cos 2 sin 2 3

2 3 3 2
BC BD BC BD

π π π   ⋅ = ⋅ + = ×− = − × = −   
   

���� ���� ���� ����  

M&D 2 �.�ھ6
 >!��O�رس ا�
.��Yة >�ن:)2 2 2AC BC AB= +  
 *6��

2 22 2 2AC = +  *6��2 4AC =  *6��2AC =  
 S�I
��M&DBCD :�6 �.�ھ6
 ا�Y�4*: >* ا��  

2 2 2 2 cos
2 3

DC BC BD BC BD
π π = + − × + 

 
  

2 2 2 2 2 sin
3

DC
π = + − × × −  

 
 

*6��2 3
4 4 sin 4 4 4 2 3

3 2
DC

π = + = + × = + 
 

  

*6��4 2 3DC = +  
3( Y�4ا� 
��ACD :�6*: >* ا�
M&D S�I �.�ھ6�  

( )2 2 2 2 cosDC AC AD AC AD α= + − ×  
2 2 2 2DC AC AD AC AD= + − ×

���� ����
  

( )2

4 2 3 4 2 2AC AD+ = + − ×
���� ����  

*6��4 2 3 4 2 2AC AD+ = + − ×
���� ����

  
*6��1 3AC AD× = −

���� ����
  

4( � 7

4 3 12
DAC

π π π= + =  

1 و���� :)5 3AC AD× = −
���� ����

  
:*6�� cos 1 3

4 3
AC AD

π π × × + = − 
 

  

:*6�� 7
2 2 cos 1 3

12

π × × = − 
 

 :*6�� 

( )1 3 27 1 3 2 6
cos

12 42 2 2 2 2

π − ×− −  = = =  × × × 
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                                                                                     ���� ����	
                               ا��
�ذ : 

  "/$��13 : $4!�ABCWوي ا�&��!$ رأ��&�� S�I�A :S!1%  
16AB AC⋅ =

���� ����
و    

1
cos( )

4
B AC

∧
=   


  I S!1%و  C'K3

4
BI BA=
��� ����

و   

J
�C'�6(: ا��[ ]BC. $4!و�  

( � ا�
�ر �$ ∆(!'�&
 Iا�

!'�&
� وا��
�دي ��� ا�( )AB  

 
C'K $4و�� E: S!1% ( )E ∈ ∆  

1( �!.��'5 ]4Y � أر�
8AB%!$ أن :  )2 =  M&DوأBC  
3( :M&DأBI BA⋅

��� ����
  

48EB %!$ أن :  )4 AB⋅ =
���� ����

  
5( M&Dأ : AJ   

  )1ا���اب:

�16���6   )أ)2AB AC⋅ =
���� ����

� *6�cos 16AB AC A
∧

× × =  

� *6�cos 16AB AB A
∧

× × =� *6�2 1
16

4
AB × = 

� *6�2 64AB =� *6�8AB =  
  ABCا�
M&D S�I �.�ھ6
 ا�Y�4*: >* ب)

:�6����2 2 2 2 cosBC AB AC AB AC A= + − ×  
:��K F������%2 1

64 64 2 64
4

BC = + − × ×  

�: *6�2 96BC =� *6�96BC =  
3(2 2 23 3 3 3 3

64 48
4 4 4 4 4

BI BA BA BA BA BA BA⋅ = ⋅ = = = = × =
��� ���� ���� ���� ����  

4(( )EB AB EI IB AB EI AB IB AB⋅ = + ⋅ = ⋅ + ⋅
���� ���� ��� ��� ���� ��� ���� ��� ����

  

 �6���0EI AB⋅ =
��� ����

EI ن :    AB⊥
��� ����

  
)و��� :  ) ( ) 48EB AB IB AB BI BA BI BA⋅ = ⋅ = − ⋅ − = ⋅ =

���� ���� ��� ���� ��� ���� ��� ����
 

5( S�I
 M&DABC �.�ھ6
 ا�
���a: >* ا�
2 2 2 21

2
2

AB AC AJ BC+ = +�: *6�22 2 2 1
8 8 2 96

2
AJ+ = +  

�: *6� 2128 2 48AJ= + �: *6� 280 2AJ=�: *6� 240 AJ=  
�: *6� 40 2 10AJ = = 

"/$��13 :BIS  $4!�ABCWوي ا�&��!$ رأ��&�� S�I�B  

 :S!1%12BA BC⋅ =
���� ����

1و    
cos( )

3
ABC

∧
=   


  J S!1%و  C'K5

4
BJ BA=
���� ����


Iو   �C'�6(: ا��[ ]AC. $4!و�  

( � ا�
�ر �$ ∆(!'�&
�  Jا�!'�&
)وا��
�دي ��� ا� )AB  

: S!1% 
C'K $4و�� ( )M ∈ ∆  

1. �!.��'5 ]4Y � أر�
6AB%!$ أن :  .2 =  M&DوأAC  
3. M&Dأ:BJ BA⋅

���� ����
  

45MB %!$ أن :  .4 AB⋅ =
���� ����

  
5.  M&Dأ : BI   

 )1اب:ا���
�12���6   )أ)2BA BC⋅ =

�� ����
� *6�cos 12BA BC B

∧
× × =

���� ����  

� *6�cos 12BA BC B
∧

× × =� *6�2 1
12

3
AB × = 

� *6�2 36AB =� *6�6AB =  
  M&DABC �.�ھ6
 ا�Y�4*: >* ا�
S�I ب)

:�6����2 2 2 2 cosAC AB BC AB BC B= + − ×  
:��K F������%2 1

36 36 2 36
3

AC = + − × ×  

�: *6�2 54AC =� *6�54AC =  

3(2 25 5 5 5
36 45

4 4 4 4
BJ BA BA BA BA BA⋅ = ⋅ = = = × =
���� ���� ���� ���� ����

  

4(( )MB AB MJ JB AB MJ AB JB AB⋅ = + ⋅ = ⋅ + ⋅
���� ���� ���� ��� ���� ���� ���� ��� ����

  

 �6���0MJ AB⋅ =
���� ����

MJ ن :    AB⊥
���� ����

  
)و��� :  ) ( ) 45MB AB JB AB BJ BA BJ BA⋅ = ⋅ = − ⋅ − = ⋅ =

���� ���� ��� ���� ���� ���� ���� ���� 

5( S�I
 M&DABC �.�ھ6
 ا�
���a: >* ا�
2 2 2 21

2
2

AB BC BI AC+ = +�: *6�22 2 2 1
6 6 2 54

2
BI+ = +  

�: *6�272 2 27BI= +�: *6�245 2BI=�: *6�2 45

2
BI =�: *6�45

2
BI = 

 \-+�� "/$�� : $4�ABC:S!1% �I�I�3AC 1ABو = و =
� 2

3
CAB

π=وI 
�C'�6(: ا��[ ]AB.  

3%!$ أن  )1

2
AB AC⋅ = −
���� ����  

2( $4��E :S!1% 
C'61 ا�

5
BE BC=
���� ����  

4%!$ أن  ) أ 1

5 5
AE AB AC= +
���� ���� ���� M&Dأ �eAB AE⋅

���� ����
  

)%!$ أن ) ب ) ( )AB IE⊥  

ا�
K; ا��رس 
 
 

 

  

  حول الدرس  

  

« c’est en forgeant que l’on devient forgeron » dit un 
proverbe.  

c’est en s’entraînant régulièrement aux calculs et 

exercices que l’on devient un mathématicien  
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