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  �>"�H ا���ر�ن ا�ول

  

  ا��زء ا�ول :

  


درس �
	رات ا�دا��  )1�g  ا����ل ���] [0,+∞ : 

 �
[����� ������ق ��� ا����ل  �gد	 [0,+∞  

�ن 	�] [0,x ∈ +∞ :  

 : �
  �د	

                 

( ) ( )3

2

' 2 1 2ln '

2
6

g x x x

x
x

= − +

= +
  

[إذن :  [( ) ( ) 2 2
0, ' 6x g x x

x
∀ ∈ +∞ = +  

[و �ن ا�وا"! أن  [( ) ( )0, ' 0x g x∀ ∈ +∞ >  

[�زا	د	� �ط%� ���  gو �
$ ا�دا��  [0,+∞  

2(   

�  �
[��)�� ���  �gد	 [0,+∞ 

[�زا	د	� �ط%� ���  gو  � [0,+∞ 

�  �
[و �د	 [( )0 0,g∈ [(  �ن    ∞+ [( ) ( ) ( ) ] [
0

0, lim , lim ,
xx

g g x g x
+ →+∞→

 +∞ = = −∞ +∞
 

 (  

[و (	د �ن  αو �
$ 	و�د                        )�(	ث  ∞+,0] ) 0g α =  


درس إ��رة  )3�( )g x : 

[��� ا����ل  � ]0,α  �
0: �د	 x α<  �زا	د	� gو 
%�م أن  ≥

)إذن :  ) ( )g x g α≤  

  $
)و � ) 0g x )( -ن                ≥ ) 0g α = (  

]��� ا����ل  � [,α +∞  �
x: �د	 α≥  م أن�%
 �زا	د	� gو 

)إذن :  ) ( )g x g α≥  

  $
)و � ) 0g x )( -ن                ≤ ) 0g α = (  
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  ا��زء ا�'�!� :

  

1(   

�  

                       

( )
2

0 0

2
0

ln
lim lim 2

1
lim 2 ln

x x

x

x
f x x

x

x x
x

+ +

+

→ →

→

= −

= − = +∞
  

  

    -ن : 
0

2
0

lim ln

1
lim

x

x

x

x

+

+

→

→

= −∞



= +∞


و     
0

lim 2 0
x

x
+→

=  

  ا��:و�ل ا�.!د,�:

( )fC  $�%�د�� �	ل ���ر�� ��ود��	0x =  

  

�   

•                          
( )

2

ln
lim lim 2

x x

x
f x x

x→+∞ →+∞
= −

= +∞
  

  

-ن :     
2

ln
lim 0

lim 2

x

x

x

x

x

→+∞

→+∞

 =

 = +∞


   

 

•  : �
)�د	 )
2

ln
lim 2 lim 0

x x

x
f x x

x→+∞ →+∞
− = − = 

  ا��:و�ل ا�.!د,�:     

    ( )fC  $�ل ���ر�� ���ر�� ��/� �%�د���	2y x=  وار��+∞  

�ن  )2	�] [0,x ∈ +∞ : 

                       : �
)�د	 )
2

ln
2

x
f x x

x
− = −  

 : �
2و �د	
0x )إذن إ��رة  < ) 2f x x−  ھ0 إ��رةln x−  

[��� ا����ل  � ]0,1 :  

              �
�lnد	 0x ≤  
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lnإذن               0x− ≥  

              $
)و � ) 2 0f x x− ≥  

)و ������0              )fC  و�د	م  2وق	��ا��3( )∆  

]��� ا����ل  � [1,+∞ : 

 �
�lnد	 0x ≥  

lnإذن  0x− ≤  

              $
)و � ) 2 0f x x− ≤  

)و ������0             )fC  م	��(ت ا��3�و�د 	( )∆  

�ن  )3	�] [0,x ∈ +∞ : 

�  : �
 �د	

( )

( ) ( ) ( )
( )

( )

( )

( )

( )

2

2 2

2
2

2

4

4

4

3

3

3

3

ln
' 2 '

ln' ln '
2

1
ln 2

2

ln 2
2

1 2ln
2

1 2ln
2

2 1 2ln

x
f x x

x

x x x x

x

x x x
x

x

x x x

x

x x

x

x

x

x x

x

g x

x

 = − 
 

× − ×
= −

× − ×
= −

− ×
= −

−
= −

−= −

− +=

=

  

[إذن                              [( ) ( ) ( )
3

0, '
g x

x f x
x

∀ ∈ +∞ =  

�  : �
�3د	
0x )إذن إ��رة   < )'f x  ھ0 إ��رة( )g x 

[��� ا����ل  � ]0,α  :( ) 0g x )إذن   ≥ )' 0f x ≤   $

��)	�  fو �� 

]و ��� ا����ل  [,α +∞  :( ) 0g x )إذن   ≤ )' 0f x ≥   $
  �زا	د	� fو �
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  : �fدول ���رات ا�دا�� 

  

  

4(   

  

  

  

  

  

  

  

2 3 4 5 6

2

3

4

5

6

7

8

9

10

11

12

13

0 1

1

x

y

https://talamid.ma
https://talamid.ma


 

  

��ا�
	��� ���م ����  

���1ر���� ر�� �
�	�� ا��وال ا�  
 

10/29 

  ا��زء ا�'��ث :

  

1(  

                      

( )
1

2

21

2

21

ln
2

ln
2 .

n

n

n

n

I f x dx i j

x
dx cm

x

x
dx cm

x

= × ×

= − ×

=

∫

∫

∫

� �

  

  

2(  : �
)�د	 )
2 21 1

ln 1
ln

n nx
dx x dx

x x
= ×∫ ∫ 

                             

( )
( )

( )

( )2

1
ln '

1
1'

u x x u x
x

v x
v xx

x


 = = 
  −=  = 

� վ  

                    

2 21 1
1

1 1

ln ln 1

ln 1

ln 1
0 1

1 ln
1

n
n n

n n

x x
dx dx

x x x

x

x x

n

n n

n

n n

 = − − −  

   = − −      

 −    = − − −    
    

= − −

∫ ∫

  

3(  

�                                   

2

21

2

ln
2 .

2 ln
2 .

n

n

x
I dx cm

x

n
cm

n n

=

 = − − 
 

∫
 

�   

                                       2
lim 2.n

n
I cm

→+∞
=  

-ن    
2

lim 0
n n→+∞

و   =
ln

lim 0
n

n

n→+∞
=  
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  ا�'�!�H ا���ر�ن �>"�

  ا��زء ا�ول


درس �
	رات  -أ )1�f  ا����ل ���] [1,− +∞: 

    �
[����� ��4���ق ���  �fد	 [1,− +∞  

�ن    	�] [1,x ∈ − +∞:  

                                   

( ) ( )( )
( )

' 1 ln 1 '

1 '
0

1

1

1

f x x

x

x

x

= + +

+
= +

+

=
+

  

[إذن :     [( ) ( ) 1
1, '

1
x f x

x
∀ ∈ − +∞ =

+
  

    : �
�1xد	 > 1إذن   − 0x + >   $
[و � [( ) ( )1, ' 0x f x∀ ∈ − +∞ >  

[�زا	د	� �ط%� ��� ا����ل  fو ������0 :     [1,− +∞.  

  �د	
� :   - ب

�        ( ) ( ) ( )
1 1 0
1 1 0

lim lim1 ln 1 lim1 ln
x x t

x x t
f x x t

>− >− >
→− →− →

= + + = + = −∞  

)-ن :                                        ) ( )
1 0
1 0

1

1 lim ln 1 limln

0
x t

x t

t x

x x t

t
>− >

+

→− →
+

= + 
 → − + = = −∞ 
 → 

  

�         ( ) ( ) ( )lim lim 1 ln 1 lim1 ln
x x t

f x x t
→+∞ →+∞ →+∞

= + + = + = +∞ 

  

)-ن :                                        ) ( )
1

lim ln 1 lim ln
x t

t x

x x t

t
→+∞ →+∞

= + 
 → +∞ + = = +∞ 
 → +∞ 

  

)�د	
� :                -أ )2 ) ( ) ( )
1 1 1
1 1 1

lim lim lim1 ln 1
x x x

x x x
g x f x x x x

>− >− >−
→− →− →−

= − = + + − = −∞ 

-ن :                  

( )
1

1

1

1

lim1 ln 1

lim 1

x

x

x

x

x

x

>−

>−

→−

→−

+ + = −∞

 − =

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           - ب

�    
( )

1
ln 1 ln

lim lim 0
1x t

t x
x t

x
x t

t
→+∞ →+∞

= + 
+ → +∞ = =  + → +∞ 

 

�  

     

( ) ( )

( ) ( )
lim lim 1 ln 1

ln 1
lim 1 1 .

1 1

x x

x

g x x x

x x
x

x x

→+∞ →+∞

→+∞

= + + −

+ 
= + + − + + 

= −∞

  

-ن :                   
( )

lim 1

ln 1
lim 0

1

lim 1
1

x

x

x

x

x

x

x

x

→+∞

→+∞

→+∞

 + = +∞
 + = +

− = − +

  

[����� ��4���ق ���  gا�دا��  - ج [1,− +∞  

�ن       	�] [1,x ∈ − +∞:  

                                 

( ) ( )( )
( )

' '

' 1

1
1

1

1 1

1

1

g x f x x

f x

x

x

x

x

x

= −

= −

= −
+
− −=

+
−=

+

  

  

                        : �
)�د	 )' 0 0g x x= ⇔ =  

 : �
1و �د	 0x + )إذن إ��رة   < )'g x  ھ0 إ��رةx−  
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  : �gدول ���رات 

  

       -د

[��� ا����ل  � ]1,0−: 

•  �
 ��)��  �gد	

•  �
 �زا	د	� �ط%�  gو �د	

•  : �
[و �د	 ]( ) ] ]0 1,0 ,1g∈ − = −∞ 

)إذن ا��%�د��  ) 0g x [�ن ا����ل α���ل (� و(	دا  = ]1,0−   $
0αو � ≤  

]��� ا����ل  � [0,+∞ 

   

•  �
 ��)��  �gد	

•  �

��)	�  �ط%�  gو �د	� 

•  : �
]و �د	 [( ) ] ]0 0, ,1g∈ +∞ = −∞ 

)إذن ا��%�د��  ) 0g x ]�ن ا����ل   β���ل (� و(	دا  = [0,+∞  

   

•  �
]��)�� ���  �gد	 ]2,3 

)و   • ) ( )2 3 0g g× ≤ 

2إذن (3ب ��رھ
� ا��	م ا�و3	ط	�  3β≤ ≤  

)ا��%�د�� �8)� :  � ) 0g x 0α(	ث  βو  α���ل ���"�ط (�	ن  = 2و  ≥ 3β≤ ≤ 

  

     - ه

   

[��� ا����ل  � ]1,α−: 

 �
�1د	 x α− <   �زا	د	� gو  ≥

)إذن : إذن :  ) ( )g x g α≤  

  $
)و � ) 0g x )( -ن                ≥ ) 0g α = (  

 

]��� ا����ل  � ],α β : 
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 : �
]�د	 ]( ) [ ], 0,1g α β =  

]إذن :  ] ( ), 0 1x g xα β∀ ∈ ≤ ≤  

 : $
]و � ] ( ), 0x g xα β∀ ∈ ≤  

  

]��� ا����ل  � [,β +∞ 

       �
�xد	 β≥  وg �	(��
�  

)إذن : إذن :        ) ( )g x g β≤  

        $
)و � ) 0g x )( -ن                ≥ ) 0g β = (  

  

)ا�و23 ا�!,�� ل   )fC  و
 ( )D 

[��� �ل �ن ا������ن   � ]1,α− و[ [,β +∞ : 

 �
)�د	 ) 0g x ≤  

)إذن :  ) 0f x x− ≤  

 $
)و � )fC  م	��ت ا��3)�( )D  

]��� ا����ل  � ],α β : 

       �
)�د	 ) 0g x ≥  

)إذن :        ) 0f x x− ≥  

       $
)و � )fC  م	��2وق  ا��3( )D  

  

  ا��زء ا�'�!� :

  

1(   

�0nن أ�ل  � = : 

 : �
�د	
0

2u =  

إذن : 
0

2 u β≤ ≤  

�ن  �	�n ∈ℕ : 

2
;�رض أن :  • nu β≤ ≤ 

و 
�	ن أن :  •
1

2
n

u β+≤  ؟  ≥

2(3ب ا=2�راض  nu β≤   �زا	د	� fو 
%�م أن   ≥

)إذن :  ) ( ) ( )2
n

f f u f β≤ ≤  

إذن : 
1

1 ln3 nu β++ ≤ ≤  
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 $
و �
1

2 nu β+≤ ≤   

2(    -ن      1 ln3≤ و    +
( ) ( )

( )
0 0g f

f

β β β
β β

= ⇔ − =
⇔ =

    (  


�< أن :   •�3
2 nu β≤ �ل    ≥�n  ن�ℕ 

  

]��� ا����ل  )2 ],α β  : �
)�د	 ) 0f x x− ≥ 

]إذن ��� ا����ل  ]2,β  :( ) 0f x x− ]( -ن     ≤ ] [ ]2, ,β α β⊂ (  

2و 
%�م أن  nu β≤ �ل    ≥�n  ن�ℕ
  

)إذن :  ) 0n nf u u− �ل     ≤�n  ن�ℕ  

إذن : 
1

0n nu u+ − �ل      ≤�n  ن�ℕ
  

)و �
$ ا������	�  )n n
u �	د	زا�  

)��� أن  � )n n
u   ورة ( ���%دد��))   2?ن β�زا	د	�  و � )n n

u ر������  

  

   �د	
� :: �/"ظ� 

                                                   

[ ]
( ) ( )

0

1

2 2,

n n

u

u f u n

β

+

 = ∈
 = ∈ ℕ

  

• f  ��� ��(��[ ]2,β 

• [ ]( ) [ ]2, 2,f β β⊂ 

• ( )n n
u ر������ 

 �	�@
)إذن  )n n
u  ھ0 (ل ���%�د��( )f x x=  

 

( ) ( )
( )

0

0

f x x f x x

g x

x xαأو β

= ⇔ − =
⇔ =

⇔ = =
  

]و ��� أن  ]2,α β∉   2?نlim
n

n
u β

→+∞
=  
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  �'��ث�>"�H ا���ر�ن ا

  

  ا��زء ا�ول : 

  

[����� ��4���ق ���  �Uد	
� ا�دا��  )1 [0,+∞  

�ن 	�] [0,x ∈ +∞ :  

             

( ) ( )( )' ln 3 '

1
1

1

U x x x

x

x

x

= + −

= +

+=

  

 : �
�0xد	 0xإذن  < 1و  < 0x+ >  

إذن 
1

0
x

x

+ >  

  $
[و � [( ) ( )0, ' 0x U x∀ ∈ +∞ >  

[�زا	د	� �ط%� ���  Uو ������0 ا�دا��  [0,+∞  

2(   

   

� U  ��� ��(��] [0,+∞ 

� U  ��� �%ط� �	د	زا�] [0,+∞ 

� ] [( ) ( ) ( ) ] [
0
0

0 0, lim , lim ,
x

x x
U U x U x

>
→ →+∞

 
∈ +∞ = = −∞ +∞ = 

 
ℝ 

)ا��%�د�� إذن  ) 0U x [02 ا����ل  α���ل (� و (	دا  = [0,+∞  

   

� U  ��� ��(��[ ]2,3 

� 

( ) ( )
( ) ( ) ( )2 ln 2 1 0

2 3 0
3 ln3 0

U
U U

U

 = − <
⇒ × < = >

 

2 إذن (3ب ��رھ
� ا��	م ا�و3	ط	� : 3α< <
  

  


درس إ��رة  )3�( )U x  : 

�ن 	�] [0,x ∈ +∞ :  

[��� ا����ل  � ]0,α  

 �
�0د	 x α<   �زا	د	� Uو    ≥
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)إذن  ) ( )U x U α≤  

  $
)و � ) 0U x )( -ن        ≥ ) 0U α =  (  

]��� ا����ل  � [,α +∞ 

 �
�xد	 α≥    وU �	د	زا�  

)إذن  ) ( )U x U α≥  

 $
)و � ) 0U x )( -ن        ≤ ) 0U α =  (  

  

  ا��زء ا�'�!� : 

  

1( ( ) ( )( )
0 0
0 0

1
lim lim 1 ln 2 2

x x
x x

f x x
x> >

→ →

 = − − + = +∞ 
 

 

-ن :                

( )( )
0

0

0

0

1
lim 1

lim ln 2

x

x

x

x

x

x

>

>

→

→

  − = −∞   
− = −∞



  

�ن  -أ )2	�] [0,x ∈ +∞ : 

: �
 �د	

                    

( ) ( )( )

( )( ) ( )( )

( )( )
( )

( )

2

2

2

1
' 1 ln 2 2 '

1 1
1 '. ln 2 1 . ln 2 ' 0

1 1 1
. ln 2 1 .

ln 2 1

ln 3

f x x
x

x x
x x

x
x x x

x x

x x

x x

x

  = − − +  
  

   = − − + − − +   
   

 = − + − 
 

− −= +

+ −
=

   

�ل إذن : �x  ن�] [0,+∞  :( ) ( )
2

'
U x

f x
x

=  

  �د	
� :  - ب

                           
( ) ( )' 0 0f x U x

x α
= ⇔ =

⇔ =
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       : �
�2د	
0x )إذن إ��رة   < )'f x  ھ0 إ��رة( )U x  

[��� ا����ل  � ]0,α �
):  �د	 ) 0U x ≤ 

)إذن                               )' 0f x ≤  

                              $

��)	�  fو ��  

]��� ا����ل  � [,α +∞  �
): �د	 ) 0U x ≥ 

)إذن                               )' 0f x ≥  

                              $
  �زا	د	�  fو �

  

  ا��زء ا�'��ث :

  

�ن  )1	�] [0,x ∈ +∞ : 

� : �
 �د	

                   

( ) ( ) ( )( ) ( )

( ) ( ) ( )
( )

1
1 ln 2 2 ln

ln 2
ln 2 2 ln

2 ln

f x g x x x
x

x
x x

x x

x

x

 − = − − + − 
 

= − − + + −

−
=

   

�ل إذن            �x  ن�] [0,+∞  :( ) ( ) 2 ln x
f x g x

x

−− =  

�  Aط���دد )
�( )fC  و( )g
C : 

                   

( ) ( ) ( ) ( )

2

0

2 ln
0

2 ln 0

ln 2

f x g x f x g x

x

x

x

x

x e

= ⇔ − =
−⇔ =

⇔ − =
⇔ =
⇔ =

  

)إذن  )fC  و( )gC  دة	ط� و(�
)	���ط%�ن 02  )2
,2A e  

2(   

[����� ��4���ق ���  Hا�دا��  � [0,+∞ 

�ن  �	�] [0,x ∈ +∞ : 
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( ) ( )( )

( ) ( )

21
' ln '

2

1
2 ln' ln

2

1
ln

ln

H x x

x x

x
x

x

x

 =  
 

= × × ×

= ×

=

   

�ل إذن :    �x  ن�] [0,+∞  :( ) ( )'H x h x= 

 : $
)و � )21
: ln

2
H x x֏  دا���� �	دا�� أ)�

ln
:

x
h x

x
֏  ���] [0,+∞  

3(  

                              

[ ] ( )
( ) ( )

2

2 2

22

1

1 1

1 1

2 ln

2 ln

2ln

4 0 2 0

2

e

e e

ee

x
I dx

x

x
dx dx

x x

x H x

−=

= −

= −   

= − − −
=

∫

∫ ∫
  

  ا��:و�ل ا�.!د,� :

)	�Bل ��3(� ا�(	ز ا��()ور �	ن  Iا�����ل  )f
C  و( )gC  ھ����ن �%�د�	ن ا��ذ	�	��1و ا��3x xو  = e=  

  ( �و(دة �	�س ا���3(� )
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  �>"�H ا���ر�ن ا�را�2

  

  -أ )1

                          

( )

( )
0 0

0

20 0

2
0

1 ln
lim lim

1
lim . 1 ln

x x

x

x x

x

x
f x

x

x
x

> >

>

→ →

→

+=

= +

= −∞

  

  -ن :         

             
( )

0

0

2
0

0

1
lim

lim 1 ln

x

x

x

x

x

x

>

>

→

→

 = +∞


+ = −∞


  

     - ب

                                 

( )
2

2 2

1 ln
lim lim

1 ln
lim

0

x x

x

x
f x

x

x

x x

→+∞ →+∞

→+∞

+=

= +

=

  

  -ن :       

                   
2

2

1
lim 0

ln
lim 0

x

x

x

x

x

→+∞

→+∞

 =

 =


  

)�د	
�    - ج )
0
0

lim
x
x

f x
→
>

= )إذن   ∞− )fC  $�ل ���رب ��ودي �%�د���	
 

0x =  

       �
)و �د	 )lim 0
x

f x
→+∞

)إذن  = )f
C  $�ل ���رب أ0�2  �%�د���	

 
0y   ∞+��وار   =

[����� ��4���ق ���  fا�دا��  -أ )2 [0,+∞ 

�ن    	�] [0,x ∈ +∞  :  

: �
  �د	
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( )

( ) ( ) ( )
( )
( )

( )

( )

2

2 2

2
2

2

4

4

4

3

1 ln
' '

1 ln '. 1 ln . '

1
. 1 ln .2

1 ln 2

1 2 2ln

1 2ln

x
f x

x

x x x x

x

x x x
x

x

x x x

x

x x

x

x

x

+ =  
 

+ − +
=

− +
=

− + ×
=

− −
=

− −=

  

)إذن :  )
3

1 2ln
'

x
f x

x

− �ل  =−�x  ن�] [0,+∞  

  - ب


(ل 02  ��] 1ا���را�(� :  ∞+,0] 2ln 0x− − >  

                                            

1

2

1 2ln 0 1 2ln

1
ln

2

x x

x

x e
−

− − > ⇔ − >
−⇔ <

⇔ <

  

إذن :                                           
1

20,S e
− 

=  
 

  

�   

��� ا����ل  •
1

20,e
− 

 
 

  �
3: �د	
0x 1و     < 2ln 0x− − > 

)إذن :                                 )' 0f x >  

��� ا����ل  •
1

2 ,e
− 

+∞ 
 

  �
3: �د	
0x 1و  < 2ln 0x− − ≤ 

)إذن :                                    )' 0f x ≤  

  : �fدول �
	رات ا�دا��  - ج
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�	ن أن  -أ )3�( )fC : دة	ط� و(�
 	�طA �(ور ا-�2)	ل 02 


(ل 02 ا����ل     �] )ا��%�د��  ∞+,0] ) 0f x =  

                                           

( )

1

0 1 ln 0

ln 1

f x x

x

x e −

= ⇔ + =
⇔ = −
⇔ =

  

)إذن     )f
C  0دة ھ	ط� و(�
)	�طA �(ور ا-�2)	ل 02  )1

,0A e −
  

���1 ا����ل   - ب
0,e −    :( ) 0f x ≤  

1و ���� ا����ل        
,e − +∞   :( ) 0f x ≥  

��� ا����ل  -أ )4
1

,2
e

 
  

   �
): �د	 ) 1
0

2
f x e≤ ≤ 

)إذن :     )2 2

1 1

1
0

2e e

f x dx e dx≤ ≤∫ ∫  

]إذن :     ]2

12

1
0

2 e

I e x≤ ≤  

 إذن :  
2

1 1
0 2

2
I e

e

 ≤ ≤ − 
 

  

   : $
و�
2

1
0

2
I e≤ ≤ −  


�	ن أن   - ب�
2 ln

:
x

F x
x

− −
[���  fدا�� أ)�	� ��دا��  ֏ [0,+∞  

�د	
� ا�دا��  �
2 ln

:
x

F x
x

− −
[����� ��4���ق ���  ֏ [0,+∞ 

�ن 	�] [0,x ∈ +∞ :  

: �
  �د	
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( )

( ) ( ) ( )

( )

2

2

2

2

2 ln
' '

2 ln ' 2 ln '

1
2 ln

1 2 ln

1 ln

x
F x

x

x x x x

x

x x
x

x

x

x

x

x

− − =  
 

− − × − − − ×
=

− × − − −
=

− + +=

+=

   

�ل إذن : �x  ن�] [0,+∞  :( ) ( )'F x f x=  

  

�د	
� ��� ا����ل   - ج
1

,n
e

 
  

  :( ) 0f x ≥  

  إذن :                

                                       

( )

( ) ( )

( )

1

1

2 ln

2 ln

ln2

n

n

e

n

e

I f x dx

x

x

n
e

n

n
e

n n

=

− − =   

− − 
= − − 
 

= − −

∫

  

  

�د	
� :     -د
( )ln2

lim limn
n n

n
I e e

n n→+∞ →+∞
= − − =  

)-ن :         )

2
lim 0

ln
lim 0

n

n

n

n

n

→+∞

→+∞

 =

 =

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�"<�H ا���ر�ن ا���9س 

 

  ا��زء ا�ول :

  

�ن  )1	�x ∈ℝ : 

  �
)�د	 )22
2 2 1 1x x x− + = − +  

�ℝ       :2ن  xإذن �ن ا�وا"! أن ��ل 
2 2 0x x− + >  

�2د	
� ا�دا��  )2
: 2 2u x x x− ):     �ℝن  xو ��ل  �����ℝ ��4���ق ���  ֏+ ) 0u x >  

)إذن ا�دا��  )lnf u=  ��� ق����4� �����ℝ  

�ن       	�x ∈ℝ :  

                                  

( ) ( )( )
( )

2

2

2

2

' ln 2 2 '

2 2 '

2 2

2 2

2 2

f x x x

x x

x x

x

x x

= − +

− +
=

− +
−=

− +

   

�ل     � �
�ℝ       :2ن  �xد	
2 2 0x x− + )إذن إ��رة   < )'f x  2ھ0 إ��رة 2x −  

                                             

[إذن ��� ا����ل       ],1−∞  :( )' 0f x ]و  ��� ا����ل     ≥ [1,+∞    :( )' 0f x ≥  

3(   

�      : �
�د	

2 2
lim 2 2 lim

lim ln

x x

t

x x x

t

→+∞ →+∞

→+∞

 − + = = +∞


= +∞

 

)إذن :      ) ( )2
lim lim ln 2 2

x x
f x x x

→+∞ →+∞
= − + = +∞  

�      : �
�د	

2 2
lim 2 2 lim

lim ln

x x

t

x x x

t

→−∞ →−∞

→+∞

 − + = = +∞


= +∞

 

)إذن :      ) ( )2
lim lim ln 2 2

x x
f x x x

→−∞ →−∞
= − + = +∞  

 

4(   

�  �
)�د	 )lim
x

f x
→+∞

= +∞ 
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(3ب �
( )

lim
x

f x

x→+∞
  :  

          

( ) ( )

( )

2

2

2

2

2

2

ln 2 2
lim lim

1 2
ln . 1

lim

ln 1 1 2
lim .ln 1

ln 1 1 2
lim 2 .ln 1

0

x x

x

x

x

x xf x

x x

x
x x

x

x

x x x x

x

x x x x

→+∞ →+∞

→+∞

→+∞

→+∞

− +
=

  − +  
  =

 = + − + 
 

 = + − + 
 

=

  

)إذن  )fC  ل ��وار	ه �(ور ا-�2)���02 ا �	ل 2ر�� ������	+∞  

  

�  �
)�د	 )lim
x

f x
→−∞

= +∞ 


(3ب �
( )

lim
x

f x

x→−∞
  :  

          

( ) ( )

( )

( )

2

2

2

2

2

2

ln 2 2
lim lim

1 2
ln . 1

lim

ln 1 1 2
lim .ln 1

ln 1 1 2
lim 2 .ln 1

0

x x

x

x

x

x xf x

x x

x
x x

x

x

x x x x

x

x x x x

→−∞ →−∞

→−∞

→−∞

→−∞

− +
=

  − +  
  =

 = + − + 
 

−  = + − + 
 

=

  

)إذن  )f
C  ل ��وار	ه �(ور ا-�2)���02 ا �	ل 2ر�� ������	−∞  

  

�ن  )5	�x ∈ℝ : 

�  : �
)�د	 )2 1 2x x− = − ∈ℝ 
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� 

( )( ) ( )
( ) ( )( )

( )
( )

( )

2

2

2

2 1 2

ln 2 2 2 2

ln 4 4 4 2 2

ln 2 2

f x f x

x x

x x x

x x

f x

− = −

= − − − +

= − + − + +

= − +

=

 

إذن : 
( ) ( )
( ) ( )( ) ( )

2 1

2 1

x x

x f x f x

 ∀ ∈ − ∈
 ∀ ∈ − =

ℝ ℝ

ℝ
  

 $
)و � ) : 1D x )ھو �(ور ���Bل ل  = )fC  

  

6(   

 

  

  

  

(Cf)

2 3 4 5 6 7 8-1-2-3-4-5-6-7-8

2

3

4

5

6

-1

-2

-3

-4

-5

-6

0 1

1

x

y
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  ا��زء ا�'�!� : 

  

�ن )1	� x ∈ℝ  : 

                             

( ) ( )

( )

2

2

2

2

2

2

2

' 1

2 2
1

2 2

2 2 2 2

2 2

4 4

2 2

2

2 2

' x f x

x

x x

x x x

x x

x x

x x

x

x x

ϕ = −
−= −

− +
− − + −=

− +
− + −=

− +
− −

=
− +

  

  

  

                     : �
�د	
( )

( )
0

' 0 2

'x x

x xϕ
ϕ ∀ ∈ ≤

 = ⇔ =

ℝ
   


��)	� �ط%� . ϕإذن : �  

)                 -أ )2 ) ( )2
lim lim ln 2 2

x x
x x x xϕ

→−∞ →−∞
= − + − = +∞ 

-ن :      
( )2

lim ln 2 2

lim

x

x

x x

x

→−∞

→−∞

 − + = +∞


− = +∞
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�ن  -  ب	� x ∈ℝ  : 

  

�   

                                      

( ) ( )
( )

( )

( )

2

2

2

2

2

2

2

ln 2 2

2 2
ln 1

2 2
ln ln 1

2 2
2ln ln 1

2 2
ln 1

2ln
1

x f x x

x x x

x x
x x

x x
x x

x x
x x

x x x
x

x x

ϕ = −

= − + −

  = − + −  
  

 = + − + − 
 

 = + − + − 
 

  − +  
  = + −

 
 
 

   

�0�ل إذن :       x >  :( )
2

2 2
ln 1

2ln
1

x x x
x x

x x
ϕ

  − +  
 = + − 

 
  

  

� ( )
2

2 2
ln 1

2ln
lim lim 1

x x

x x x
x x

x x
ϕ

→+∞ →+∞

  − +  
 = + − = −∞ 

 
  

 

  

    - ج

� ϕ  ��� ��(��ℝ 

� ϕ  ��� �%ط� �	(��
�ℝ 

� ( ) ] [( ) ( ) ( ) ] [, lim , lim ,0
x x

x xϕ ϕ ϕ ϕ
→+∞ →−∞

 = −∞ +∞ = = −∞ +∞ =
 

∈ ℝ ℝ 

)إذن ا��%�د��  ) 0xϕ   α  02ℝ���ل (� و(	دا  =

)إذن ا��%�د��  )x xf   α  02ℝ���ل (� و(	دا  =

 $
)و � ) : y x∆ =  Aط�	( )fC  �@دة أ2)و�	ط� و(�
 02α
  

�   

: �
  �د	
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• ϕ  ��� ��(��[ ]0,3;0,4 

• 

( )
( ) ( ) ( )0,3 0

0,3 0,4 0
0,4 0

ϕ
ϕ ϕ

ϕ
 >

⇒ × < <
 

0,3إذن (3ب ��رھ
� ا��	م ا�و3	ط	� :  0,4α< < 

 

つづく 
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