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	 �� ا��وال :�����1 ��
  ا������:��د ������ ��

1(( ): 1f x ln x→ +  2(( )2: 3 2g x ln x x→ − + 3(:
ln

x
h x

x
→  

))1:أ����  ) ( )1f x ln x= +   � ��{ }/ 1 0fD x x= ∈ + >ℝ 

1 1 0x x> − ⇔ + [و� !  < [1,fD = − +∞  

2( ( ) ( )2 3 2g x ln x x= − +  

� ��{ }2/ 3 2 0gD x x x= ∈ − + >ℝ 
  2 3 2x x− +

             
  '&%$ �� ا��#ور

( )22 4 3 4 2 1 9 8 1 0b ac∆ = − = − − × × = − = >  

  ھ��:  �/.-�� ا�%�ود ,#ر��+�ن  *�� أن

1 2

b
x

a

− + و   =∆
2 2

b
x

a

− − ∆=  

1

3 1 4
2

2 1 2
x

+= = =
×

و   
1

3 1 2
1

2 1 2
x

−= = =
×

  

   '%�د ,�ول ا�23رة :  

  
[ و� ! : [ ] [, 1̈ 2,gD = −∞ ∪ +∞

  
3( ( )

ln

x
h x

x
=� ��{ }/ 0 ln 0hD x x et x= ∈ > ≠ℝ   

ln 0x =  � ��ln ln1x =  � ��1x [و� ! : = [ ] [0;1 1;hD = ∪ +∞  

�����2:  �+ 	�ℝ3ا,%�ت ت ا����د
  ا������ :و ا���
1(( )2 0ln x − =  2( ( ) ( )3 1 5 10ln x ln x− = −  

3( ( )1 0ln x − ≥ 

))1 أ���� : )1 0ln x − =  

 ������2ھ#ه ا����د�� ��
+� إذا و+78 إذا 
�ن: :1ا 0x − >   
2x�� � إذا 
�ن:  [اذن :  < [2;ED = +∞  

 ������  �	 ا����د��::2ا
( )2 0ln x − =  � ��( ) ( )2 1ln x ln− =  

 � ��2 1x − = � ��3 Ex D= }و� !  ∋ }3S =   

2( ( ) ( )3 1 5 10ln x ln x− = −  

 ������5ھ#ه ا����د�� ��
+� إذا و+78 إذا 
�ن: :1ا 10 0x − و<
3 1 0x − >  

2x�� � إذا 
�ن:  1و <

3
x [اذن : < [2;ED = +∞  

 ������  �	 ا����د��::2ا
( ) ( )3 1 5 10ln x ln x− = −  � ��3 1 5 10x x− = −   

  

 � ��2 9x− = −  � ��9

2 Ex D= 9و� !  ∋

2
S  =  

 
   

3( ( )2 6 0ln x − ≥ 

 ������2ھ#ه ا���
ا,%� ��
+� إذا و+78 إذا 
�ن: :1ا 6 0x − >   
3x�� � إذا 
�ن:  [اذن :  < [3;ED = +∞  

 ������  �	 ا���
ا,%�::2ا
( )2 6 0ln x − ≥  � ��( )2 6 ln1ln x − ≥   

 � ��2 6 1x − ≥  � ��
7

2
x ≥ � ��7

;
2

x  ∈ +∞  

  

[و� !  [7
; 3;

2
S  = +∞ ∩ +∞  

  � ��7
;

2
S

 = +∞  
  

�����3:  �+ 	�ℝ 3ا������ تا����د : 

 1(( ) ( )2 1 1 0ln x ln x− − − =    2( ( ) ( )22 1ln x ln x= +  

))1أ���� : ) ( )2 1 1 0ln x ln x− − − =.  

 ������2ھ#ه ا����د�� ��
+� إذا و+78 إذا 
�ن: :1ا 1 0x − و<
1 0x− >  

1�� � إذا 
�ن: 

2
x 1xو < 1اذن : >

;1
2ED
 =   

  

 ������  �	 ا����د��::2ا
( ) ( )2 1 1 0ln x ln x− − − =  � ��( ) ( )2 1 1ln x ln x− = −  

 � ��2 1 1x x− = −  � ��3 2x =  � ��2

3 Ex D= و� !  ∋
2

3
S

 =  
 

   

2( ( ) ( )22 1ln x ln x= +  

2ھ#ه ا����د�� ��
+� إذا و+78 إذا 
�ن:  0x 2و< 1 0x + > � ��
0xإذا 
�ن:  [اذن : < [0;ED = +∞  

�;��x�� ] [0;+∞:( ) ( )2 22 1 2 1In x In x x x= + ⇔ = +.  
2 2 1 0x x⇔ − + =.( )2

1 0x⇔ − =1 Ex D= ∈  

) إذن ������ �>�ل ا����د��. )E :�ھ{ }1S =  

�����4:  �+ 	�ℝ �%,ا
):  ا��� ) ( )1 3 1 0ln x ln x− − + <.  

��  ا���اب:����  ھ#ه ا���
ا,%� ��
+� إذا و+78 إذا 
�ن: :1ا

1 0x − 3و< 1 0x + 1 أي <
; 1

3
x x
 > − > 
 

� ��1x >  

 ������[����x;��	 ا���
ا,%�: :2ا [1;+∞  

( ) ( ) ( ) ( )1 3 1 0 1 3 1ln x ln x ln x ln x− − + < ⇔ − < +  

1 3 1x x− < +⇔2 2x⇔ > −1x > −  
[إذن:  [ ] [1; 1;S = − +∞ ∩ [ أي .∞+ [1;S = +∞  
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)إذا �>�< أن :�����5  )n 2 0,7l )و ⋍ )n 3 1,1l ≃   

:�<� �� ?@��+( )n 6l
 ’( )n 4l  ,( )n 8l ,( )n 72l   

1
n

2
l  

 
 

  ,3
n

2
l  

 
 

  ,( )n 2l ,( )n 6l  ,( )n 3 2l
   

( )312 3ln  , 2 2 2 2A ln ln= + + −   

 1 1
81 3

4 27
B ln ln ln= + −  

( ) ( )2015 2015

2 1 2 1C ln ln= + + −  

أ���� :
( ) ( ) ( ) ( )n 6 n 2 3 n 2 n 3 0,7 1,1 1,8l l l l= × = + +≃ ≃ 

( ) ( ) ( ) ( )2n 4 n 2 2 n 2 2 n 2 2 0,7 1, 4l l l l= × = = ×≃ ≃

 

( ) ( ) ( ) ( )3n 8 n 2 2 2 n 2 3 n 2 3 0,7 2,1l l l l= × × = = ×≃ ≃

 
( ) ( ) ( ) ( ) ( ) ( )2 3 2 3n 72 n 3 2 n 3 n 2 2 n 3 3 n 2l l l l l l= × = + = + 

( )n 72 2 1,1 3 0,7 2,2 2,1 4,3l × + × +≃ ≃ ≃  

)و   ) ( )3
n n 3 n 2 1,1 0,7 0,4

2
l l l

  = − − 
 

≃ ≃   

 ( )1
n n 2 0,7

2
l l  = − − 

 
≃   

( ) ( )1 1
n 6 n 6 1,8 0,9

2 2
l l= ×≃ ≃

       

 
( ) ( ) ( ) ( )1 0,7

ln 3 2 ln 3 ln 2 1,1 ln 2 1,1 1,1 0,35 1,45
2 2

= + + + +≃ ≃ ≃ ≃
    

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1

23 3 3 1
12 3 3 2 3 3 2 2 3 3 2 2 3

3
ln ln ln ln ln ln ln ln ln

 
= × + = + + = + + 

 

  

( )3 1
12 3 1,1 1,4 1,1 2,86

3
ln + + ×≃ ≃  

( )( )( ) ( ) ( )2 2 2 2 2 2 2 2 2 2 2 2A ln ln ln ln = + + − = + − = + − 
 

  

( )2
2 1

2 2 2 2 0,35
2

A ln ln ln
 = − = = 
 

≃  

4
3

1 1 1 1 1 4 1
81 3 3 3 3 3 3 3

4 27 4 2 4 23
B ln ln ln ln ln ln ln ln ln= + − = + − = + +

  
1,1

1,1 3 1,1 4,95
2

B + + ×≃ ≃  

( ) ( ) ( ) ( )( )2015 2015 2015 2015

2 1 2 1 2 1 2 1C ln ln ln= + + − = + × −  

( )( )( ) ( )( ) ( )
20152015 2

22 1 2 1 2 1 2015 1 2015 0 0C ln ln ln= + − = − = = × =  

�����6:  7@*  
1(( ) ( ) ( )ln 3 ln 5 ln 15A = − +  2(( ) ( ) ( )6ln 0,01 ln 1000 ln 10B = − + 

) )1ا���اب:  ) ( ) ( ) ( ) ( ) ( )ln 3 ln 5 ln 15 ln 3 ln 5 ln 3 5A= − + = − + ×  

( ) ( ) ( ) ( ) ( )2ln 3 ln 5 ln3 ln5 2ln 3 ln 3 ln 9A= − + + = = = 

  ( ) ( ) ( ) ( ) ( ) ( )2 3 6ln 10 ln 10 ln 10 2ln 10 3ln 10 6ln 10B −= − + =− − +  

( ) ( )ln 10 ln 2 5 ln 2 ln 5B = = × = +  

�����7: �+ 	�ℝا,% �ا����د�
  ا������:�  و ا���
1(( )1 n2 n3lnx ln x l l+ − − =   2(( ) ( )2 5 1 4ln x ln x ln+ + + ≤. 

) )1:ا�����  )1 n2 n3lnx ln x l l+ − − =� ��

( )1 n2 n3lnx ln x l l+ − = +� ��( )1 n2 n3lnx ln x l l+ − = +  

 ������0xھ#ه ا����د�� ��
+� إذا و+78 إذا 
�ن: :1ا 1و< 0x − >
0x�� � إذا 
�ن:  1xو < [اذن : < [1;ED = +∞  

 ������  �	 ا����د��::2ا
( )1 n2 n3lnx ln x l l+ − = +  � ��( )( )1 n6ln x x l− =   

 � ��( )1 6x x − =  � ��2 6 0x x− − =  

( ) ( )22 4 1 4 1 6 1 24 25 0b ac∆= − = − − × × − = + = >  

  +�ن ھ#ه ا����د�� �8&	 �>�� ھ��:  *�� أن
( )

1

1 25

2 1
x

− − +
=

×
)و    )

2

1 25

2 1
x

− − −
=

×
  

1 3x و  =
2 2x = [و*�� أن :   − [2 2 1;x = − ∉ }+�ن :  ∞+ }3S =  

2( ( ) ( )2 5 1 4ln x ln x ln− + + ≤  

 ������  ھ#ه ا���
ا,%� ��
+� إذا و+78 إذا 
�ن: :1ا

1 0x + 2و< 5 0x − 5 أي <
1

2
x xو > > − 
 

� ��5

2
x >  

5و� ! : 
;

2ID
 = +∞  

  

 �������x��5	 ا���
ا,%�: ��;�:2ا
;

2
 +∞  

  

( )( )( ) ( ) ( )2 5 1 4 2 5 1 4ln x x ln ln x ln x ln− + ≤ ⇔ − + + ≤  

( ) ( )2 5 1 4x x− + ≤ ⇔22 3 9 0x x− − ≤ ⇔  

( )2 4 9 4 2 9 9 72 81 0b ac∆= − = − × × − = + = >  

  +�ن ھ#ه ا����د�� �8&	 �>�� ھ��:  *�� أن

1

3 9

2 2
x

+=
×

  و 
2

3 9

2 2
x

−=
×

  ����
1 3x  و =

2

3

2
x = −    

  

3إذن:  5 5
; 3 ; ; 3

2 2 2
S      = − ∩ +∞ =          

   

*�� أن : :�����8
0

lim
x

lnx
+→

= −∞   

CD'  :1  ا���اب:
X

x
=  

0X x +→ +∞ ⇔ →  

0

1
lim lim lim ln lim ln

X X Xx

lnx ln X X
X+ →+∞ →+∞ →+∞→

 = = − = − = −∞ 
 

  

E limن: 
x

lnx
→+∞

= +∞  

)) 1    أ�@? ا� �F��ت ا������ : :�����9 )lim 2ln 1
x

x
→+∞

+   

 2 (( )2ln 1
lim

lnx

x

x→+∞

+
   

3(
 0

1
lim

lnx x+→     
 4 (( )( )2lim

x

ln x lnx
→+∞

−    

 5( lim
x

x lnx
→+∞

−
                           

 6( ( )
0

2lim
x

ln x lnx
+→

+  

) )1:ا�����  ) ( )lim 2ln 1 2 1
x

x
→+∞

+ = × +∞ + = +∞
 

 
( )2ln 1

lim
lnx

x

x→+∞

+ +∞=
+∞


 �%�د Eن : �J 	;2
 

( )lim ln
x

x
→+∞

= +∞  
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2(

1
ln 2

2ln 1 1ln
lim lim lim 2 2 0 2

ln ln lnx x x

x
x x
x x x→+∞ →+∞ →+∞

 + +  = = + = + =
  

3(
 0

1 1
lim 0

lnx x+

−

→
= =

−∞
Eن : 

 
( )

0
lim ln
x

x
+→

= −∞  

4 (( ) ( ) ( )( )2 2lim lim lim 1
x x x

ln x lnx ln x lnx lnx ln x
→+∞ →+∞ →+∞

− = − = − = +∞     

)Eن :  )lim ln
x

x
→+∞

= )و   ∞+ )lim ln 1
x

x
→+∞

− = +∞  

5( lim lim 1
x x

lnx
x lnx x

x→+∞ →+∞

 − = − =+∞ 
 

Elimن :  0
x

lnx

x→+∞
و   =

lim
x

x
→+∞

= +∞  

6( ( ) ( )( )
0 0

2lim lim 1
x x

ln x lnx lnx ln x
+ +→ →

+ = + = +∞  

Eن :
 

( )
0

lim ln
x

x
+→

= )و ∞− )
0

lim ln 1
x

x
+→

+ = −∞
  

)) 1أ�@?:  :�����10 )7ln e و( )3ln e
 

  

2(  �+ 	�ℝ ا����د��  : ا������ ا����د��( )ln 7x =   

)) 1:ا�����  )77 ln e= و
 ( )3ln 3e =  

2( 0x >  

( )ln 7x =  � ��( ) ( )ln 7lnx e= � ��7x e=  

{ }7S e=  
  أ�@? و*@7 : :�����11

( ) ( )2 4 1
ln ln lnA e e

e
 = + −  
 

  ( ) ( ) ( )91
2ln ln ln

3
B e e e e= + −  

) )1ا���اب: ) ( ) ( ) ( ) ( )2 4 1
ln ln ln 2ln 4ln lnA e e e e e

e
 = + − = + −− 
   

2 1 4 1 1 7A = × + × − − =
  ( ) ( ) ( ) ( ) ( ) ( )91 1 1

2ln ln ln 2 ln ln ln 9ln
3 2 3

B e e e e e e e e= + − = × + + −
  

1 1
1

2 2
= − = −( ) ( ) ( )1 1

1ln ln ln 3ln 1 1 3
2 2

B e e e e= + + − = + + −  

�����12:  �+ 	�ℝ:ا����د3ت ا������  

1(( ) 3
2 1

2
ln x − =  2(   ( )2

2 ln ln 6 0x x+ − =  

) )1ا���اب: ) 3
2 1

2
ln x − =  

 ������2ھ#ه ا����د�� ��
+� إذا و+78 إذا 
�ن: :1ا 1 0x − >  

 � ��1

2
x 1اذن : <

;
2ED  = +∞  

  

 ������  �	 ا����د��::2ا

( ) 3
2 1

2
ln x − =  � ��( ) ( )3

2 1
2

ln x ln e− =  � ��( )
3

22 1ln x ln e
 

− =  
 

  

 � ��
3

22 1x e− =  � ��( )3

2 1x e− =  � ��

( )3

1 1
;

2 2

e
x

+  = ∈ +∞  

  

( )3

1

2

e
S

 + =  
 
 

  

2(   ( )2
2 ln ln 6 0x x+ − =  

0xھ#ه ا����د�� ��
+� إذا و+78 إذا 
�ن:  >  
: 9:� ln x X=: K&L� 22 وا����د�� 6 0X X+ − =  

2 4 1 48 49 0b ac∆= − = + = >  
  +�ن ھ#ه ا����د�� �8&	 �>�� ھ��:  *�� أن

1

1 7

2 4
X

− +=
×

و  
2

1 49

2 2
X

− −=
×

 � ��
1

3

2
X و  =

2 2X = −  

� �� 
1

3
ln

2
x  و =

2ln 2x = −  � �� 
3

2
1x e= 2 و

2x e−=  

� �� ( )3

1x e e e=  و =
2 2

1
x

e
و� ! :  =

2

1
,S e e
e

 =  
 

  

�����13: �+ 	�2
ℝ  ��M ا�

3ln ln 2

2ln ln 3

x y

x y

+ =
 − =

  

3ln ا���اب: ln 2

2 ln ln 3

1
2

x y

x y

 + = →


− = →

  


ف + �� :O� ف
  '��C ا����د���� ط
5ln 5x =  � ��ln 1x =  � ��ln lnx e=  � ��x e=  

x'��ض  e= : �� + Rو�Eا����د�� ا �3 +ln ln 2e y+ =  

 � ��ln 2 3y = −  � ��ln 1y =−  � ��1y e−=  � ��1
y

e
=

  

و� ! :
1

;S e
e

  =   
  

  

  أ�@? ا� �F��ت ا������::�����14

1( 
0

1
lim
x

lnx
x+→

 + 
 

  2(
0

4lim log
x

x x
+→

    3( 
0

3lim2 ln
x

x x x
+→

−  

4( 1
lim 1
x

xln
x→+∞

 + 
 

          5(( )( )
0

2
lim
x

x ln x
+→

 CS  :X x=   

 )1:ا����� 
0 0

1 1 1
lim lim

0x x

xlnx
lnx

x x+ +→ →
+

++ = = = +∞   

 Eن :
0

lim 0
x

xlnx
+→

=  

2( 
0

4lim log 0
x

x x
+→

=: ��T�Uا� ?@� 
0

lim 0
x

nx lnx
+→

=  

3( 
0

3lim2 ln 0
x

x x x
+→

− =  4( 1
lim 1
x

xln
x→+∞

 + 
 

   

 CD'  :1
X

x
=

          
0X x+→ ⇔ → +∞  

( ) ( )
0 0

11 1
lim 1 lim 1 lim 1
x

ln X
xln ln X

x X X+ +
→+∞

+ + = + == = 
 

  

E limن: 
x

lnx
→+∞

= +∞  

5( ( )( )
0

2
lim
x

x ln x
+→

 'CD  :X x=  

( )2
2 2X x X x X x= ⇔ = ⇔ =  

0 0X x+ +→ ⇔ →  

( )( ) ( )( ) ( ) ( )
0

22 2 22 2 2 2

0 0 0
lim lim lim 2 lim4
x

x ln x X ln X X lnX X lnX
+ + +

+→

= = =  

( )( ) ( )
0

2 2 2

0
lim 4lim 4 0 0
x

x ln x XlnX
+

+→

= = ×  Eن: =
0

lim 0
x

xlnx
+→

−=  

)أ�@? :�����15 )f x′ :ا�%�3ت ا������ �� ���� 	
 �+  

( ) 2 lnf x x x= )و     − ) lnf x x x=    و( ) ( )2ln 1f x x= +  

) ا����� : ) ( )
2

2 1 2 1
ln 2

x
f x x x x

x x

−′′ = − = − =  

( ) ( ) 1
ln ln ln 1ln ln 1f x x x x x x x x x x

x
′ ′ ′′ = = + = + × = +  

( ) ( )( ) ( )2

2
2 2

1 2
ln 1

1 1

x x
f x x

x x

′+′′ = + = =
+ +
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	 ���� R<�I ا����لfاTE>�� �>�ا�� ��د ا��وال:�����16  �+
  �� ا�%����� ا��������:
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