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�ا
��آ�
�ر� �� ��� ا  

������� ا
����� ا •�:�����
  ���� ا
���م ا
#�"�� و ���� ا
� � ا

������ ا'داب •��

�� : و ا
���م ا)��
  ���� ا'داب و ���� ا
���م ا)

 

  
  :ت)�ی' )1

و ه� ا��ا�� ا����� ���ا��lnدا�� ا�����ر	�� ا�
���ي 	��� ��� ب  �
1

x
x

→  

[!�  ا����ل   .1 ا��� ت
$�م "� ∞+,0]

�
[:و ��	 [( ) ( )
1

0, : lnx x
x

′∀ ∈ +∞ =  

) أي1دا�� ا�����ر	�� ا�
���ي ت
$�م "�  � )ln 1 0=.  

  : ت,�+ ا�
��	�ت ا������:ا�# �ی�ت )2
) :1ا�-�,��  )lim ln

x
x

→+∞
= +∞  

) :2ا�-�,��  )
0

lim ln
x

x
+→

= −∞  

  :�� ج$�ی���, )3
1. ( )( )0 0a b∀ ∀� �  

2. ( ) ( ) ( )ln ln lnab a b= +  

3. ( )
1

ln ln b
b

 
= − 

 
  

4. ( ) ( )ln ln ln
a

a b
b

 
= − 

 
  

5. ( ) ( )
1

ln ln
2

a a=  

6. ( ) ( ) ( )ln lnnn a n a∀ ∈ =�  

  :ت!$�4 ��,��ت ا����3ری�1 ا�#�$�ي
) إذا !��3 أن: م��ل  )ln 2 ) و�0,7 )ln 3 1,1���	 �� 678�" :  

8
ln

12

 
 
 

           ( )ln 72         ( )ln 6      
3 2

ln
2 3

 
  
 

        ( )ln 3 2  

  :ا�67
8 2 4 2

ln ln ln
12 3 4 3

×     
= =     

×     
  

( ) ( )ln 2 ln 3= −  

0,7 1,1 0, 4= − = −        
  
 ( ) ( ) ( ) ( )ln 72 ln 9 8 ln 9 ln 8= × = +    

  5: م;آ�ة ر18 

���: ا����ذ  	
���
  

 

  :1ت!$�4 ا�-�,�� 
�
	��( )ln 2 0,7� 

)و )ln 3 1,1�  

:   اذن

( ) ( )ln 6 ln 2 3= ×  

 ( ) ( )ln 2 ln 3= +  

0,7 1,1 1,8+� �  
 

( ) ( )ln ln ln
a

a b
b

 
= − 

 
 

72 9 8= × 
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 ( ) ( )2 3ln 3 ln 2= +  

( ) ( )2ln 3 3ln 2= +  

( ) ( )2 1,1 3 0,7= × + ×  

2,2 2,1 4,3= + =        
  

( ) ( ) ( )
1 1

ln 6 ln 6 ln 2 3
2 2

= = ×        

( ) ( )( ) ( )
1 1

ln 2 ln 3 0,7 1,1
2 2

= + = +  

( )
1

1,8 0,9
2

= =  

  

3 2 3 1 3
ln ln ln

2 2 22 3

     
= =             

            

( ) ( )( )
1

ln 3 ln 2
2

= −  

( )
1 1

1,1 0,7 0,4 0, 2
2 2

= − = × =  

   ( ) ( ) ( )ln 3 2 ln 3 ln 2= +    

  ( ) ( )
1

ln 3 ln 2
2

= +  

      ( )
1

1,1 0,7
2

= +  

1,1 0,35 1, 45= + =  

) ا��ا��ج�ول ت<��ات )4 )lnx x→:  

�
	��:] [( ) ( )
1

0, : lnx x
x

′∀ ∈ +∞ =  

0xب�� أن [ "�ن� [( ) ( )
1

0, : ln 0x x
x

′∀ ∈ +∞ = �  

[ة ت�ا	�	� ;:$� !� lnو ب������ ا��ال [0,+∞  

��ولو �
= ا�:  
  
  
  
  
  
  
  
e:     2,71828eا�)�د  )5 ⋅ ⋅ ⋅ ⋅�  

← e>,?	 ,� ا�@ي�ه� ا�$�د ا�?,( )ln 1e =.  

  eب�:��< ا���A�� ا��7��A !�  ا�$�د ←

 �! +B?ن:( ) ( ) ( )ln lnnn e n e∀ ∈ =�  

) :أي ) ( )ln nn e n∀ ∈ =�  

( )( )0 0a b∀ ∀� �  

( ) ( )ln lna b a b= ⇔ =  

( )( )0 0a b∀ ∀� �  

( ) ( )ln lna b a b⇔� �  

( ) ( )ln lna b a b⇔≺ ≺  

  . ت�ا	�	� ;:$��lnن ا��ا��
 

( )3ln 3e =  

( )4ln 4e = −  

)8+ ا��$�د��  )ln 7x =  

7ه� ا�$�د 
x e=  

 

( ) ( ) ( )ln ln lnab a b= + 

( ) ( )ln lnna n a= 

3 2 3 3 2 2 3 3

22 3 2 3 3 2 2

× × ×
= = =

× ×
 

( ) ( )
1

ln ln
2

a a= 

( ) ( ) ( )ln ln lnab a b= +  

( ) ( )
1

ln ln
2

a a= 

 

 

 

x 

f' 

f(x) 

 

 

 

0 
+ 

    -∞ 

+∞ 

+∞ 
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  C	 م)�1 م�)�م� م�#ln 1BمA#7# ا��ا�� )6 

-8 -6 -4 -2 2 4 6 8
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x

y

  
  :مEح�Bت


  ا��ا��?
) "� ا�
,:��ln$�د�� ���س ا��   : ه�1,0(

( )( ) ( )ln 1 1 ln 1y x′= − +  

1y:            أي x= −   


  ا��ا��?
) "� ا�
,:��ln$�د�� ���س ا�� ),0eه� :  

( )( ) ( )ln lny e x e e′= − +  

):            أي )
1

1y x e
e

= − +   

: أي
1

y x
e

=  


  ا��ا��?
�lnل��[ 	�ج� ت?3 �?�ر ا�"���+ "� ا�� [ و ه@ا 	$
� أن0,1] [( ) ( )0,1 : ln 0x x∀ ∈ ≺.  


  ا��ا��?
�lnل��[ 	�ج� ت?3 �?�ر ا�"���+ "� ا�� [ و ه@ا 	$
� أن∞+,1] [( ) ( )1, : ln 0x x∀ ∈ +∞ �.  

  :ا����3ری�1 ا�)G�ي )7
  :ت)�ی'

[ و ه� �$�"� !� log:	��� ��ا�� ا�����ر	�� ا�$�Fي ب [0,+∞  

[:آ�� 	�� [( ) ( )
( )
( )

ln
0, : log

ln 10

x
x x∀ ∈ +∞  

  :��,��ت ه�م� ��ا�� ا����3ری�1 ا�)G�ي
1. ( )log 1 ) و =0 )log 10 1=  

2. ( ) ( ) ( ) ( ) ( )0 0 : log log loga b a b a b∀ ∀ × = +� �  

3. ( ) ( )
1

0 : log loga b
b

 
∀ = − 

 
�  

4. ( ) ( ) ( ) ( )0 0 : log log log
a

a b a b
b

 
∀ ∀ = − 

 
� �  

5. ( ) ( ) ( ) ( )0 : log logna n a n a∀ ∀ ∈ =� �  

6. ( ) ( ): log 10nn n∀ ∈ =�  

7. ] [( ) ( )
( )

1
0, : log

ln 10
x x

x
′∀ ∈ +∞ =  

( )
1

ln x
x

′ =  

( )
1

ln 1 1
1

′ = =  

( )ln 1 0=  

( )
1

ln e
e

′ =  

( )ln 1e = 

)I8J أن )ln 10 1≠  

 K�8 �"( )log 10 1=  

  :2ت!$�4 ا�-�,�� 
)ن�	� �78ب  )log 20  

)!��� أن  )log 2 0,30103�  

( ) ( )log 20 log 2 10= ×

( ) ( )log 2 log 10= +  

        0,30103 1+�  
            1,30103�  
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 8. ( )
0

lim log
x

x
+→

= ) و ∞− )lim log
x

x
→+∞

= +∞  

110إذا آ�ن  .9 10c c
x

+≤ ) "�ن ≻ )log 1c x c≤ +≺  

10. ( ) ( ) ( ) ( )0 0 : log loga b a b a b∀ ∀ = ⇔ =� �  

11. ( ) ( ) ( ) ( )0 0 : log loga b a b a b∀ ∀ ⇔� � � �  

  :ج�ول ت<��ات دا�� ا����3ری�1 ا�)G�ي
  
  
  
  
  
  
  

  :�)�دHتا� :ت!$�4 ��,��ت ا����3ری�1 ا�#�$�ي
  

  :�����ا��$�دJت ا��8+ "�  :م��ل 
1 (( )ln 0x =                              2( ( )ln 1x =                                      3(  ( )ln 7x =  

4 (( ) ( )ln 1 ln 3x + =               5(  ( ) ( )ln 1 ln 2 3x x− = +         6(  ( ) ( ) ( )ln ln 4 ln 6x x x+ − = −  

  :ا�67
�6 أن 	�Pن  )1	0x )"� ا��$�د��� )ln 0x =  

���!� ت$�	R ه@Q ا��$�د�� ه�� =
[و � [0,+∞  

)ا��$�د�� )ln 0x =S"�Pت ( ) ( )ln ln 1x =  

=
1xو � [ و ب�� أن= [1 0,∈ +∞  

}:"�ن ����!� ��8ل ا��$�د�� ه� }1S =  

���!� ت$�	R ا��$�د�� )2�( )ln 1x [ ه�= [0,+∞  

S"�Pو ه� ت( ) ( )ln lnx e=أي x e=  

[و ب�� أن [0,e ∈ } "�ن∞+ }S e=  

���!� ت$�	R ا��$�د�� )3�( )ln 7x [ ه�= [0,+∞  

S"�Pو ه� ت( ) ( )7ln lnx e=7 أي
x e=  

[و ب�� أن [7 0,e ∈ }"�ن ∞+ }7S e=.  

�6 أن 	�Pن  )4	1 0x + 1x أي � −�  
���!� ت$�	R ا��$�د��� =
)و � ) ( )ln 1 ln 3x + [ ه�= [1,− +∞  

1تS"�P  ا��$�د�� 3x + 2xأي = =  
[و ب�� أن  [2 1,∈ − }"�ن ∞+ }2S =  

�6 أن 	�Pن  )5	1 0x − 2  و� 3 0x + �  

1x أي  2 و � 3x 1xأي  �−  و �
3

2
x 1xأي �− �  

���!� ت$�	R ا��$�د��� =
)و � ) ( )ln 1 ln 2 3x x− = +   

[ه� [4 1,− ∉ 1تS"�P  و ه� ∞+ 2 3x x− = 4xأي + = −  

[ و ب�� أن  [4 1,− ∉ S"�ن∞+ φ=  

  
  

TU104,27:نx =  
�
	�� :100 1000x≤ ≤  
2: أي 310 10x≤ ≺  
): إذن )2 log 3x≤ ≺  

): أي )log 2,x ⋅ ⋅ ⋅⋅ ⋅ ⋅�  

 

)ا���Pب� )ln xإذا آ�ن  
$� ��� 0x �. 

( )ln 1 0=. 

( )77 ln e=  

( ) ( ): ln nn e n∀ ∈ =�. 

3

2
−  

1 

3

2
x −�  

3

2
x 1x  و�− �    

1x �  

 S"�P	1x � 

+∞  

 

 

 

x 

f' 

f(x) 

 

 

 

0 
+ 

    -∞ 

+∞ 

+∞ 
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�6 أن 	�Pن  )6	0x 4و� 0x− � 

6و 0x− �.  
0xأي 4xو� 6x و≻ ≺.  

 R	�$ت �!���� =
و �
)ا��$�د�� ) ( ) ( )ln ln 4 ln 6x x x+ − = −  

[ه� [0,4S"�Pو ه� ت ( ) ( )ln 4 ln 6x x x− = −    

  
)أي )4 6x x x− = −  

24أي 6x x x− = 2 أي− 5 6 0x x− + =  
  و ه@Q ا�خ��ة �$�د�� �K ا��رج� ا��Vن��

  ∆	�� ���8 ب?�7ب ا�����
  
  

( ) ( )( )
2

5 4 1 6 25 24 1∆ = − − = − =  

 �
	��1∆ 2و �
= ا��$�د��= 5 6 0x x− + =  

K�X��A� K��8 +�,1ت

5 1
2

2
x

−
= 2 و=

5 1
3

2
x

+
= =.  

[و ب�� أن [2 0, [ . و∋4 [3 0, 4∈  

)ا��$�د��"�ن ����!� ��8ل  ) ( ) ( )ln ln 4 ln 6x x x+ − = −  

}:ه� }2,3S =  

  
  :درا�� دا�� ت�7�ي ,�<� � 
�A ا����3ری�1 ا�#�$�ي :ت!$�4 ��,��ت ا����3ری�1 ا�#�$�ي

  
  :م��ل 

[ ا��$�"� !� fن$��� ا��ا�� [: ب ∞+,0] [( ) ( )0, ln 1x f x x x x∀ ∈ +∞ = − +  

)أ678 .1 )1fو ( )f eو ( )4fو 
1

3
f
 
 
 

)!��� أن       )ln 2 ) و�0,69 )ln 3 2,71e و�1,1 �.   

)أ678 .2 )f x′+P� xK� ] [0,+∞.  

  .fأ!Z ج�ول تY��ات ا��ا�� .3
)�8د �$�د�� ���س .4 )fC �" 4.  

  :ا�67
1. ( ) ( )1 1ln 1 1 1 0f = − + =  

( ) ( )ln 1f e e e r= − +  

1 1e e= × − +  
1 1e e= − + =  

( ) ( )4 4ln 4 4 1f = − +  

( )24ln 2 4 1= − +  

( )8ln 2 3= −  

8 0,69 3 2,52= × − =  

( )
1

ln 3 1,1
3

f
 

= − − 
 

�  

0x 4xو� 6x و≻ ≺S"�P	   
0 4x≺ ≺. 

2 0ax bx c+ + =  
  
  

2 4b ac∆ = − 

∆0إذا آ�ن 2 "�ن ا��$�د��� 0ax bx c+ + =  
K�X��A� K��8 +�,ت  

2
2

b
x

a

− + ∆
1 و =

2

b
x

a

− − ∆
= 

0 4 
6 

( )ln 1 0= 

( )ln 1e = 

( ) ( )2ln 2 2ln 2= 

( )
1

ln ln x
x

 
= − 

 
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)�78ب .2  )f x′:   

                   ( ) ( )( )ln 1f x x x x′ = − +  

          ( )( ) ( ) ( )ln 1x x x′ ′ ′= − +  

( ) ( ) ( )ln ln 1 0x x x x′ ′= + ⋅ − +  

                          ( )ln 1 1x= + −  

   
  �4$�د�� ا����س !
� ا�
,:� ذات ا�"�Bل  .3
):ه� ) ( ) ( )4 4 4y f x f′= − +  

1,38أي 3y x= ) �ن− )4 2, 25f ) و= )4 1,38f ′ =.  

  �1$�د�� ا����س !
� ا�
,:� ذات ا�"�Bل 
):ه� )( ) ( )1 1 1y f x f′= − +  

0yأي ) �ن = )1 0f ) و = )1 0f ′ =  

[ ا��$�"� !� fن$��� ا��ا�� ):  ب ∞+,0] ) ( )2lnf x x x= −  

[!�  ا����لfأ!Z ج�ول تY��ات ا��ا��  ]0,3  

SFأن( )fCا��ا��  
?
� fل��
]� !�  ا���� ���$�� ��$� �" . ] ]0,3   

  :ا�?+
�
	��( )

0
lim ln
x

x
+→

=  و∞−
0

lim 0
x

x
+→

) اذن= )
0

lim
x

f x
+→

= −∞.  

( )
2 2

1
x

f x
x x

−
′ = − )اش�رة = )f x′ه� اش�رة( )2 x−ن� x�$:; 6ج�� .  

  : ه� آ�� 	���fول تY��اتو �
= ج
  
  
  
  
  
  
  
  
  

          
  

( ) ( )lnf x x′ = 

 

 

 

x 

f' ( )x  

f(x) 

 

 

 

0 

+ 

-∞ 

2 

- 

-0,6 

3 

-0,8 
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