
 ا��
�ذ : 
	���� ����                                                                                                                  1ص          
 
 

  
 
 
 
 

  
 
 
 
 

         
  

                

  
  
  
  
  

  

	�� ا��ا��  :�����1�f   : 
��	��� ���
)ا�� ) 25f x x=   


��ل ا�	
��� أدرس ا�	��ق ا��ا�� 	���f  ���0 1x = 

) ا���اب : ) ( ) ( )22

1 1 1

5 11 5 5
lim lim lim

1 1 1x x x

xf x f x

x x x→ → →

−− −= =
− − −

  

( ) ( )( ) ( )
2 2

1 1 1

5 1 5 1 1
lim lim lim5 1 5 2 10

1 1x x x

x x x
x

x x→ → →

− − +
= = = + = × =

− −
  

  ��#�  fو!�$: ��0 �%�	��ق � 1x =  

( ) ( ) ( )
1

1
lim 10 1

1x

f x f
f

x→

−
′= =

−
  ��0وھ) ا�
�د ا��'	& � 1x =  


	�� ا��ا�� :�����2�f    : 
��	��� ���
)ا�� ) 2 2 1f x x x= − +  

�,+ أن  ا��ا��  .1 ���

��ل ا�		���f ���$0�#� �%�	��ق � 2x = . 

0�/ ا���.- �#�ا��  .2���  �1fد !
�د�� ا����س �#��0 2x =. 

))1: ا����� ) 22 2 2 2 1 1f = − × + =   

 ( ) ( ) 2 2

2 2 2

2 2 1 1 2
lim lim lim

2 2 2x x x

f x f x x x x

x x x→ → →

− − + − −= =
− − −

  

( )
2 2

2
lim lim 2

2x x

x x
x

x→ →

−
= = =

−
   �0 $��#� �%�	��ق ��� : fو! 1x =  

( )2 2f ′=  ��0وھ) ا�
�د ا��'	& � 2x =  

2( ( ) ( )( )0 0 0y f x f x x x′= + −  

( ) ( ) ( )( )2 3 1 2 2 2 2 2y x y x y f f x′= − ⇔ = + − ⇔ = + −  


	�� ا��ا�� :�����3�f    : 
��	��� ���
)ا�� ) 3f x x x= +  

)أ231  .1 ) ( )
0

0
lim

0x

f x f

x+→

−
−

��ق ا��ا�� ( 
�
�! ا����� f �����  ا  ���
0 0x =(  

)أ231  .2 ) ( )
0

0
lim

0x

f x f

x−→

−
−

��ق ا��ا�� ( 
�
�! ا��$�ر
"�f �����  ا 
0 0x =(  

�$0�#�  �%�	��ق ���  fھ-  ا��ا��  .3 0x   ؟=

4.   �5�0�/ ا���.- �#�ا�� �1د !
�د�� ���#/ ا�,�,+ ���  f!��س ا��

0 0x =.  

5.   �5�0�/ ا���.- �#�ا�� �1د !
�د�� ���#/ ا�,�3ر ���  f!��س ا��

0 0x =.  

6.  �6���3
 ا�� �,�( )( )0, 0A f ؟ 

) )1ا����� : )
( )

3

3

; 0

; 0

f x x x x

f x x x x

 = + ≥


= − ≤

)و     ) 30 0 0 0f = + =  

( ) ( ) ( )23
2

0 0 0 0

10 0
lim lim lim lim 1 1

0 0x x x x

x xf x f x x
x

x x x+ + + +→ → → →

+− + −= = = + =
− −

  

   
  ��#� �%�	��ق  fو!�$ ��0�#/ ا�,�,+ � 0x )و = )1 0df ′=   

 ��0وھ) ا�
�د ا��'	& �#/ ا�,�,+ � 0x =  

2( ( ) ( ) ( )23
2

0 0 0 0

10 0
lim lim lim lim 1 1

0 0x x x x

x xf x f x x
x

x x x− + + +→ → → →

−− − −= = = − = −
− −

  

  ��#� �%�	��ق  fو!�$ ��0�#/ ا�,�3ر � 0x )و = )1 0gf ′− =   

 ��0وھ) ا�
�د ا��'	& �#/ ا�,�3ر � 0x =  
3(  
f  ق��	�%� �#���  �#/ ا�,�3رو�#/ ا�,�,+ $��0 0x =   

)و�7+ :  ) ( )0 0d gf f′ ′≠  

 :  �8,� $��#� �%�	��ق fو! ���0 0x =  

4(   �5�0�/ ا��ا�� !
�د�� ��0�#/ ا�,�,+ ��� f!��س ! 0x =.  

( ) ( )( )0 0 0dy f x f x x x′= + −  

( ) ( ) ( ) ( )( ): 0 1 0 0 0 0d dy x y x y f f x′∆ = ⇔ = + − ⇔ = + −  

5(   �5�0�/ ا��ا�� !
�د�� ����  ا�,�3ر�#/ f!��س !�0 0x =.  

( ) ( )( )0 0 0gy f x f x x x′= + −  

( ) ( ) ( ) ( ) ( ): 0 1 0 0 0 0g gy x y x y f f x′∆ = − ⇔ = − − ⇔ = + −  

6(  �����( ) ( )0 0d gf f′ ′≠  : �6��)ا� )( )0; 0A f �6 !:واة���3/ ;  


	�� ا��ا��  :�����4�f    : 
��	��� ���
)ا�� ) 2 1f x x= −  

0�#/ ا�,�,+ ���  fأدرس $��#,�  ا�	��ق ا��ا��  .1 1x =  

0�#/ ا�,�3ر ���  fأدرس $��#,�  ا�	��ق ا��ا��  .2 1x =  

�$0�#�  �%�	��ق ���  fھ-  ا��ا��  .3 1x   ؟=

4.  �5�0�/ �1د !
�د�� ��0�#/ ا�,�,+ ��� ��fا�� ا!��س ! 1x =.  

5.   �5�0�/ ا��ا��!��س �1د !
�د�� ��!f ��0�#/ ا�,�3ر � 1x =.  

6.  �6���3
 ا�� �,�( )( )1, 1A f ؟ 

ا����� :
 ( ) 2 1f x x=  ��رس ا��رة :−

2 1x −:( )( ) 21 1 1 1 0 1 0x أو x x x x= − = ⇔ − + = ⇔ − =  

 :  �)و! ) ] ] [ [
( ) ( ) [ ]

2

2

1; ; 1 1;

1 ; 1;1

f x x x

f x x x

 = − ∈ −∞ − ∪ +∞


= − − ∈ −

)و     ) 21 1 1 0f = − =  

  
 1( ( ) ( ) ( )( )2

1 1 0 1

1 1 11 0
lim lim lim lim 1 2

1 1 1x x x x

f x f x xx
x

x x x+ + + +→ → → →

− − +− −= = = + =
− − −

  

   ��#� �%�	��ق  fو!�$ ��0�#/ ا�,�,+ � 1x )و = )2 1df ′=   

 ��0وھ) ا�
�د ا��'	& �#/ ا�,�,+ � 1x =  

2( ( ) ( ) ( ) ( )( ) ( )
2

1 1 1 1

1 01 1 1
lim lim lim lim 1 2

1 1 1x x x x

xf x f x x
x

x x x− − − −→ → → →

− − −− − − +
= = = − + =−

− − −
  

   ��#� �%�	��ق  fو!�$ ��0�#/ ا�,�3ر � 1x )و = )2 1df ′− =   

 ��0وھ) ا�
�د ا��'	& �#/ ا�,�3ر � 1x =  
3(  

أ��د���� 
 �
ا��

 ا������

��ق���ر�� &%����:
�  ا'
  ا��$
�ى : ا�و�! ��ك 
��م ����)��

 

  ا����ذ:
 ����
������   

https://talamid.ma
https://talamid.ma


 ا��
�ذ : 
	���� ����                                                                                                                  2ص          
 
 

  
 
 
 
 

f  ق��	�%� �#���  �#/ ا�,�3رو�#/ ا�,�,+ $��0 1x =  

)و�7+ :   ) ( )1 1d gf f′ ′≠  

 :  �8,� $��#� �%�	��ق fو! ���0 1x =  

4(   �5�0�/ ا��ا�� !
�د�� ��0�#/ ا�,�,+ ��� f!��س ! 1x =.  

( ) ( )( )0 0 0dy f x f x x x′= + −  

( ) ( ) ( ) ( ) ( ): 2 4 0 2 2 1 1 1d dy x y x y f f x′∆ = − ⇔ = + − ⇔ = + −  

5(   �5�0�/ ا��ا�� !
�د�� ��0�#/ ا�,�3ر ��� f!��س ! 0x =.  

( ) ( )( )0 0 0gy f x f x x x′= + −  

( ) ( ) ( ) ( )( ): 2 2 0 2 1 1 1 1g gy x y x y f f x′∆ = − + ⇔ = − − ⇔ = + −  

6(  �����( ) ( )1 1d gf f′ ′≠  : �6��)ا� )( )1; 1A f �6 !:واة���3/ ;  


 �- ���1 !+ ا��0=ت ا�	��,� :  �1fد ا��ا�� ا��'	�� �#�ا��  :�����5�  

1(( ) 2f x = 2(( ) 3 5f x x= − 3(( ) 10f x x=     

4 (( ) 3 21
4 1

2
f x x x= − −5( ( ) 5

f x
x

=6 (( ) 6 4f x x= −     

7 (( ) 46 cos 3sinf x x x x= − +  8 (( ) ( )cos 7 2f x x= +   

9 (( ) ( )4
sin 5 4

5
f x x= +  10( ( ) 3tan 1f x x= −    

11 (( ) cosf x x x= 12 (( ) 1

2 1
f x

x
=

+
  

13(( ) 3 1

2

x
f x

x

−=
+

   14(( ) ( )3
3 4f x x= +   15 (( ) 2 1f x x= +     

)1 أ���� :
 ( ) ( )2 0f x ′′ = =   2(

 ( ) ( )3 5 3f x x ′′ = − =    

3(
 ( ) ( )10 10 1 910 10f x x x x−′′ = = =    

4(
 ( ) 3 2 3 1 21 1

4 1 4 3 2 0 12
2 2

f x x x x x x x−
′ ′ = − − = × − × − = − 

 
    

5(
 ( ) 2 2

5 1 1 5
5 5f x

x x x x

′ ′ −     ′ = = × = × − =     
     

    

6   (( ) ( ) 1 3 3
6 4 6 0

2

x
f x x

xx x

′′ = − = × − = =  

7 (

( ) ( )4 3 36 cos 3sin 6 4 sin 3cos 24 sin 3cosf x x x x x x x x x x′′ = − + = × + + = + +  

8 (( ) ( ) ( )cos 7 2 7 sin 7 2f x x x′′ = + = − × +  

9 (( ) ( ) ( ) ( )4 4
sin 5 4 5 cos 5 4 4 cos 5 4

5 5
f x x x x′′ = + = × + = × +   

10(  ( ) ( ) ( ) ( )2 23tan 1 3 1 tan 0 3 1 tanf x x x x′′ = − = × + − = × +  


�- ا�����ة ا�	��,� :  )11	3�( )u v u v u v′ ′ ′× = × + ×  

 ( ) ( )cos cos cos 1 cos sin cos sinf x x x x x x x x x x x x x′ ′ ′′ = × = × + × = × − × = −  


�- ا�����ة ا�	��,� : 12	3� (
2

1 u

u u

′ ′  = − 
 

  

 ( ) ( )
( ) ( )2 2

2 11 2

2 1 2 1 2 1

x
f x

x x x

′′ + ′ = = − = − +  + +
  

13(( ) 3 1

2

x
f x

x

−=
+


�- ا�����ة ا�	��,� :    	3�
2

u u v uv

v v

′ ′ ′−  = 
 

  

( ) ( ) ( ) ( ) ( )
( )

( ) ( )
( ) ( )2 2 2

3 1 2 3 1 2 3 2 1 3 13 1 7

2 2 2 2

x x x x x xx
f x

x x x x

′ ′′ − + − − + + − × −− ′ = = = = +  + + +
  

  14(( ) ( )3
3 4f x x= 
�- ا�����ة ا�	��,� :  +	3�( ) 1n nu nu u−′ ′= ×  

( ) ( )( ) ( ) ( ) ( ) ( )3 3 1 3 1 2
3 4 3 3 4 3 4 3 3 3 4 9 3 4f x x x x x x

− −′ ′′ = + = × + × + = × × + = +
 


�- ا�����ة ا�	��,� :  )15	3�( )
2

u
u

u

′′ =
  

( ) ( ) ( )2

2

2 2 2

1 2
1

2 1 2 1 1

x x x
f x x

x x x

′+′′ = + = = =
+ + +

  


 �- ���1 !+ ا �1fد ا��ا�� ا��'	�� �#�ا��   :�����6�  
  ��0=ت ا�	��,� : 

1   (( ) 11f x = 2 (( ) 7 15f x x= + 3  (( ) 32f x x=   

4  (( ) 4 31
4 1

3
f x x x x= − − +  5 (( ) 5 41 1

4 6
5 4

f x x x x= − − −    

6 (( ) 3
f x

x
=7( ( ) 4 1f x x= −8( ( ) cos2 3sin3f x x x= +   

9 (( ) ( )( )23 2 7 1f x x x= + + 10 (( ) 1

5 7
f x

x
=

+
   

11 (( ) 2 8f x x x= +12(( ) 3

7

1

x
f x

x
=

+
 13(( ) 1

sin
f x

x
=   

14( ( ) 4 3

2 1

x
f x

x

−=
−

    15(( ) ( )7
2 1f x x= −

  

)1 أ���� :
 ( ) ( )11 0f x ′′ = =   2(

 ( ) ( )7 15 7f x x ′′ = + =    

3(
 ( ) ( )3 3 1 22 2 3 6f x x x x−′′ = = × =    

4(
 ( ) 4 3 4 1 2 3 21 1

4 1 4 4 3 1 0 16 1
3 3

f x x x x x x x x−
′ ′ = − − + = × − × − + = − − 

 
    

5(
 ( ) 5 4 5 1 3 4 31 1 1 1

4 6 5 4 4 0 4
5 4 5 4

f x x x x x x x x−
′ ′ = − − − = × − × − + = − − 

 
    

6(
 ( ) 2 2

3 1 1 3
3 3f x

x x x x

′ ′ −     ′ = = × = × − =     
     

    

7   (( ) ( ) 1 2 2
4 1 4 0

2

x
f x x

xx x

′′ = − = × − = =  

8 (( ) ( )cos2 3sin3 2sin2 3 3cos3 2sin2 9cos3f x x x x x x x′′ = + =− + × =− +  

9 (( ) ( ) ( )23 2 7 1f x x x= + +  


�- ا�����ة ا�	��,� : 	3�( )u v u v u v′ ′ ′× = × + ×  

( ) ( ) ( )( ) ( ) ( ) ( ) ( )2 2 23 2 7 1 3 2 7 1 3 2 7 1f x x x x x x x
′ ′ ′′ = + × + = + × + + + × +  

( ) ( ) ( )2 2 2 26 7 1 7 3 2 42 6 21 14 63 6 14f x x x x x x x x x′ = × + + + = + + + = + +  


�- ا�����ة ا�	��,� : 10	3� (
2

1 u

u u

′ ′  = − 
 

   

 ( ) ( )
( ) ( )2 2

5 71 5

5 7 5 7 5 7

x
f x

x x x

′′ + ′ = = − = − +  + +
   

11(   ( ) 2 8f x x x= 
�- ا�����ة ا�	��,� :  +	3�( )
2

u
u

u

′′ =  

  

12(( ) 3

7

1

x
f x

x
=

+

�- ا�����ة ا�	��,� :  	3�

2

u u v uv

v v

′ ′ ′−  = 
 

  

( ) ( ) ( )2

2

2 2 2

8 2 8 4
8

2 8 2 8 8

x x x x
f x x x

x x x x x x

′+′ + +′ = + = = =
+ + +

https://talamid.ma
https://talamid.ma


 ا��
�ذ : 
	���� ����                                                                                                                         3ص          
 
 

  
 
 
 
 

( ) ( ) ( ) ( )
( )

( )
( )

3 3 3 2

2 23 3 3

7 1 7 1 7 1 7 37

1 1 1

x x x x x x xx
f x

x x x

′′′ + − + + − × ′ = = = +  + +
  

( )
( ) ( )
3 3 3

2 23 3

7 7 21 7 14

1 1

x x x
f x

x x

+ − −′ = =
+ +

  

13(( ) 1

sin
f x

x

�- ا�����ة ا�	��,� :    =	3�

2

1 u

u u

′ ′  =− 
 

  

( ) ( )
( ) ( )2 2

sin1 cos

sin sin sin

x x
f x

x x x

′′ ′ ′ = =− =− 
 

   

14 (( ) 4 3

2 1

x
f x

x

−=
−


�- ا�����ة ا�	��,� :    	3�
2

u uv uv

v v

′ ′ ′−  = 
 

  

( ) ( ) ( ) ( )( )
( )

( ) ( )
( )2 2

4 3 2 1 4 3 2 1 4 2 1 2 4 34 3

2 1 2 1 2 1

x x x x x xx
f x

x x x

′ ′′ − − − − − − − × −− ′ = = = −  − −
  

( ) ( ) ( )
( ) ( ) ( )2 2 2

4 2 1 2 4 3 8 4 8 6 2

2 1 2 1 2 1

x x x x
f x

x x x

− − × − − − +′ = = =
− − −

  

15(( ) ( )7
2 1f x x= 
�- ا�����ة ا�	��,� :  −	3�( ) 1n nu nu u−′ ′= ×  

( ) ( )( ) ( ) ( ) ( )7 7 1 6
2 1 7 2 1 2 1 14 2 1f x x x x x

−′ ′′ = − = × − × − = −  


	�� ا��ا�� :�����7�f    : 
��	��� ���
)ا�� ) 3 25 4 2f x x x x= − + −  

 أ231 ا��'	�� ا?و�/ و ا�.��,� و ا�.��.� 

) ا���اب: ) ( )3 2 2 1 25 4 2 3 5 2 4 0 3 10 4f x x x x x x x x′′ = − + − = − × + − = − +  

( ) ( )23 10 4 6 10f x x x x′′′ = − + = )و     − ) ( )6 10 6f x x ′′′′ = − =  

�����8:  ��	

 :ا��
���  fا��ا�� ���	���( ) 2 2 2f x x x= + −   

�1د  )1
fD  2 @���ت�أ231  (f  �0ات! ���

fD  

  f) �1د �Bول ;A,�ات 4) أدرس ;A,�ات 3

�1ود�� اذن  fا��ا�� )1:ا���اب
fD = ℝ  

2( ( ) 2 2lim lim 2 2 lim
x x x

f x x x x
→−∞ →−∞ →−∞

= + − = = +∞  

( ) 2 2lim lim 2 2 lim
x x x

f x x x x
→+∞ →+∞ →+∞

= + − = = +∞  

3(( ) ( )2 2 2 2 2f x x x x′′ = + − = +:x∀ ∈ℝ  

( ) 0f x′ = 
�
�2 2 0x + =  
�
�1x = −  

)��رس ا��رة :  )f x′  

  
• :D��� اذا[ [1;x ∈ − )��ن :  ∞+ ) 0f x′ ≥   �  ;:ا���  fو!

• :D��� اذا] ]; 1x ∈ −∞ )��ن :  − ) 0f x′ ≤   ���f �,5$و!;  


 �Bول ��B /�3ول ا�	A,�ات :)4� EF�	�  �#GH ا�

  

 : �1fد !�6ر�� ا��ا��  :�����9��	��� ���
)ا�� ) 2 6 1f x x x= − +  

 ا���اب :
fD = ℝ     و( ) ( )2 6 1 2 6f x x x x′′ = − + = −  

( ) 0f x′ = 
�
�2 6 0x − =  
�
�3x =  

)��رس ا��رة :  )f x′ ات�,A	ول ا��B �0د�و  

  
f ′ 

�م ��)و  ;	A,� إ��ر;@� اذن  3; )3 8f =   !�6اف  −

  fو���L�M $,�� د�,� �#�ا�� �f#�ا��  


	�� ا��ا�� :�����10�f ���

 :ا����	���( ) 22 1f x x x= + +   

�1د  )1
fD  2 @���ت�أ231  (f  �0ات! ���

fD  

   f) �1د �Bول ;A,�ات 4أدرس ا��ر;@�  و fأ231 !'	�� ا��ا��)3

�0
 ا����6 ا�Oي أ�f�@�(5)�1د !
�د�� ����س !�0/ ا��ا�� 5 1x =   

6 Pط��; L�� �1د(( )fCR#
  !P !0)ري ا��

   ان و�Bت f)�1د !�6ر�� ا��ا��7

8R�)) أر )fC RS��! �!�
	! R#
! 
�  

) : ا����� ) 22 1f x x x= + +  

�1ود�� اذن  fا��ا�� )1
fD = ℝ  

2( ( ) 2 2lim lim 2 1 lim 2
x x x

f x x x x
→−∞ →−∞ →−∞

= + + = = +∞  

( ) 2 2lim lim 2 1 lim 2
x x x

f x x x x
→+∞ →+∞ →+∞

= + + = = +∞  

3(( ) ( )22 1 4 1f x x x x′′ = + + = +:x∀ ∈ℝ  

( ) 0f x′ = 
�
�4 1 0x + =  
�
�1

4
x = −  

)��رس ا��رة :  )f x′  

  
  ) �Bول ا�	A,�ات :4

  
5( ( ) ( )( )0 0 0y f x f x x x′= + −  

( ) ( ) ( )( )5 21 4 5 5 1 1 1y x y x y f f x′= − ⇔ = + − ⇔ = + −  

)?ن :  )1 4f )و    = )1 5f ′ = 
  

6( Pط��; L��(أ(( )fC ا���.- �#�ا�� /�0�  !P !0)ر fا��

�L�� -0 ا��
�د�� : #,T��?ا ( ) 0f x =  
�
�22 1 0x x+ + =
  

 

��ل ا���,:	���  �0- ا��
�د�� 

2a 1bو   = 1cو  = = 

( )22 4 1 4 1 2 7 0b ac∆= − = − × × =− <  

 

 ا�	�.,- ا���,��#	���  و!�  ھOه ا��
�د�� �,U �@� 1-: و
-,T��?0)ر ا! P6�� =  

Pط��; L��(ب( )fC ا���.- �#�ا�� /�0�  !P !0)ر ا?را;,f 2ا��

: L�� 230� ( )0f   
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( )0 1f = :
)و!�  ���6 ا�	��طP ھ )0;1A 

7 : 
7)ا��ا��   ;��- $,�� د�,� ھ

8  
8 :R�)ر

fC  
  

  
  
  
  
  
  
  
  
  
  


	�� ا��ا��   :�����11�f : 
��	��� ���
) ا�� ) 2 4 3f x x x= + +   

�1د  )1
fD  2 @���ت�أ231  (f  �0ات! ���

fD  

   f) �1د �Bول ;A,�ات 4أدرس ا��ر;@�  و fأ231 !'	�� ا��ا��)3

�0
 ا����6 ا�Oي أ�f�@�(5)�1د !
�د�� ����س !�0/ ا��ا�� 5 1x = −   

6 Pط��; L�� �1د(( )fCR#
  !P !0)ري ا��

   ان و�Bت f)�1د !�6ر�� ا��ا��7

8( R�)أر )fCا���.- �#�ا�� /�0�)و ا��3	�f  R,ا�� )D يOا� 


�د�	 !( ) : 3D y = RS��! �!�
	! R#
! 
�( ); ;o i j
� �

.  

9(Pط��; L�� �1د( )fC و( )D.  

10( -1
� �,��,�!R �0Bا�	2ا�� 4 0x x+ ≥. 
) : ا����� ) 2 4 3f x x x= + +  

�1ود�� اذن  fا��ا�� )1
fD = ℝ  

2( ( ) 2 2lim lim 4 3 lim
x x x

f x x x x
→+∞ →+∞ →+∞

= + + = = +∞ 

( ) 2 2lim lim 4 3 lim
x x x

f x x x x
→−∞ →−∞ →−∞

= + + = = +∞  

3(( ) ( )2 4 3 2 4f x x x x′′ = + + = +:x∀ ∈ℝ  

( ) 0f x′ = 
�
�2 4 0x + =  
�
�2x = −  

)��رس ا��رة :  )f x′
 

 
:D��� اذا[ [2;x ∈ − )��ن :  ∞+ ) 0f x′ ≥   �  ;:ا���  fو!

:D��� اذا] ]; 2x ∈ −∞ )��ن :  − ) 0f x′ ≤   ���f �,5$و!;  


 �Bول ��B /�3ول ا�	A,�ات :4� EF�	�  )�#GH ا�

  
5( ( ) ( )( )0 0 0y f x f x x x′= + −   0 1x = −  

( ) ( ) ( )( )2 2 2 1 1 1 1y x y x y f f x′= + ⇔ = + ⇔ = − + − +  

)?ن :  )1 0f )و    = )1 2f ′ = 
  

 ; ���0��L ا�	��طP! P !0)ر ا?��T,-أ))6
) �0- ا��
�د�� :  ) 0f x =  
�
�2 4 3 0x x+ + =

  
 


��ل ا���,:	���    �0- ا��
�د�� 
1a 4bو   = 3cو  = =  

( ) ( )2 22 4 4 4 3 1 16 12 4 2 0b ac∆ = − = − × × = − = = >  

0��� أن∆   ��ن ھOه ا��
�د�� ;��- 1#,+ ھ��:  ≺

1 2

b
x

a

− + 2و   =∆ 2

b
x

a

− − ∆=  

1

4 4 4 2
1

2 1 2 1
x

− + − += = = −
× ×

و   
2

4 4 4 2
3

2 1 2 1
x

− − − −= = = −
× ×

  

: Rھ Pط��	ا� L��  �) و! )1;0A )و − )3;0B −   

)��L ;��طPب) )fC ا���.- �#�ا�� /�0�  !P !0)ر ا?را;,f 2ا��

: L�� 230� ( )0f     

( )0 3f = :
)و!�  ���6 ا�	��طP ھ )0;3C 
7 : 
−1)ا��ا��   ;��- $,�� د�,� ھ

  
8 R�))ر )fCا���.- �#�ا�� /�0�)و ا��3	�f  R,ا�� ) : 3D y =   

  
  

  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
 

9Pط��; L�� ���0; (( )fC و( )D.  

) �0- ا��
�د�� : )f x y=  
�
�2 4 3 3x x+ + =  
 
�
�2 4 0x x+ = 
�
�( )4 0x x + =  
�
�0x 4أو = 0x + =   

 
�
�0x 4xأو = = −   

: Rھ Pط��	ا� L��  �) و! )0;3E و( )4;3F −   

10( ⇔  
2 4 3 3x x+ + ≥ ⇔ 2 4 0x x+ ≥  

⇔( )f x y≥⇔ ا��ا�� /�0�!( )fC
 R,�	3ق ا��(� �B(�

( )D  

 :  �]و! ]4;0S = −  

  
  
  

2  1  0 -1/4 -1  2-  
11  4  1  7/8  2  7  

1  0  -1 -2 -3  -4  x 
8  3  0  -1  0  3  f(x) 
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�����12 : +7	�f :ب ���
) دا�� ! ) 2 2 3f x x x= − + +  .  


��� ا��ا�� )1; ��(�X! �1دf 

)أ231 ا��@���ت ا�	��,� :  )2 )lim
x

f x
→+∞

)و       )lim
x

f x
→−∞

 

 وأدرس ا��ر;@� fأ231 !'	�� ا��ا��  )3

  .  �1fد �Bول ;A,�ات ا��ا�� )4

5( Pط��; L�� �1د( )fC ا���.- �#�ا�� /�0�  !P !0)ر ا?��f .-,Tا��

6( Pط��; L�� �1د( )fC ا���.- �#�ا�� /�0� !P !0)ر ا?را;,f .2ا��

�0
 ا����6 ا�Oي أ��1f�@�(5د !
�د�� ����س !�0/ ا��ا��  )7 2x =   

8(  R�)أر )fCا���.- �#�ا�� /�0�  fا��

  ا����� :
�1ود�� اذن  fا��ا�� )1

fD = ℝ  

2( ( ) 2 2lim lim 2 3 lim
x x x

f x x x x
→+∞ →+∞ →+∞

= − + + = − = −∞ 

( ) 2 2lim lim 2 3 lim
x x x

f x x x x
→−∞ →−∞ →−∞

= − + + = − = −∞  

3(( ) ( )2 2 3 2 2f x x x x′′ = − + + = − +:x∀ ∈ℝ  

( ) 0f x′ = 
�
�2 2 0x− + =  
�
�1x =  

)��رس ا��رة :  )f x′
  

  
• :D��� اذا[ [1;x ∈ )��ن :  ∞+ ) 0f x′ ≤   ���f �,5$و!;  

• :D��� اذا] ];1x ∈ )��ن :  ∞− ) 0f x′ ≥   �  ;:ا���  fو!

4 GH#�(: ات�,A	ول ا��B /�3� ول�B 
� EF�	�  ا�

5(  
  ; ���0��L ا�	��طP! P !0)ر ا?��T,- �0- ا��
�د�� :

 ( ) 0f x =  
�
�2 2 3 0x x− + + =
  

 

��ل ا���,:	���  �0- ا��
�د�� 

1a = 2bو   − 3cو  = = 

( ) ( ) ( )2 22 4 2 4 3 1 16 4 0b ac∆= − = − × × − = = >  

0��� أن∆   ��ن ھOه ا��
�د�� ;��- 1#,+ ھ��:  ≺

1 2

b
x

a

− + و   =∆
2 2

b
x

a

− − ∆=  

( )
1

2 16
1

2
x

− +
= = −

−
و   

2

2 16
3

2
x

− −= =
−

   

: Rھ Pط��	ا� L��  �) و! )1;0A )و − )3;0B   

6Pط��; L��(( )fC ا���.- �#�ا�� /�0�  !P !0)ر ا?را;,f 2ا��

: L�� 230� ( )0f     

( )0 3f = :
)و!�  ���6 ا�	��طP ھ )0;3C
 

7( ( ) ( )( )0 0 0y f x f x x x′= + −   0 2x =  

( ) ( ) ( )( )2 7 3 2 2 2 2 2y x y x y f f x′= − + ⇔ = − − ⇔ = + −  

)?ن :  )2 3f )و    = )2 2f ′ = − 
  

8 :R�)ر
fC       

  
  

 

	�� ا��ا�	,+  : �����13�f  وg        : 
��	��� +,	��
 ا��

  
( )

( )

2 2 ; 1

2
5; 1

f x x x x

f x x
x

 = + ≤



= − + >


)و        ) ( )1g x x x= −  

0 ��#/ ا�,�,+  و�#/ ا�,�3ر ��f)أدرس $��#,�  ا�	��ق ا��ا�� 1 1x =  

�#�  �%�	��ق ؟ f)ھ-  ا��ا�� 2�$  

��  g)أدرس $��#,�  ا�	��ق ا��ا�� 3�0 0x = 

) ا���اب : )

( )

2 2 ; 1

2
5; 1

f x x x x

f x x
x

 = + ≤



= − + >


)و     ) 21 1 2 1 3f = + × =  

1( ( ) ( )
1 1 1 1

4 4 4 2
5 3 21

lim lim lim lim
1 1 1 1x x x x

x
f x f x x x

x x x x+ + + +→ → → →

− +− + − − +−
= = =

− − − −
  

1 1

4 2 1 4 2 1
lim lim

1 1x x

x x

x x x x+ +→ →

− + − += × = × = −∞
− −

  

  �8,� $��#� �%�	��ق fو! ��0�#/ ا�,�,+ � 1x =  

( ) ( ) 2

1 1

0 2 3
lim lim

1 1x x

f x f x x

x x− +→ →

− + −=
− −

  

0 �50- �+ �7- غ !�0د !+ $�,- :

0
  

��=]	:ال: R\  -,�
	���  �	G#H !+ ال ش غ م !.% 
OB2ر�#�0ود��  1�%1^ أن :  2 3x x+ −  

1x اذن : ھ
 ;��- ا����3 �#/ : −  

��ل ;��,� ا����3 ا=$#,��� ��X أن :	���) و ) ( )2 2 3 3 1x x x x+ − = + −  

( ) ( ) ( )( )
1 1 1

0 3 1
lim lim lim 3 4

1 1x x x

f x f x x
x

x x− − −→ → →

− + −
= = + =

− −
  

  ��#� �%�	��ق  fو!�$ ��0�#/ ا�,�3ر � 1x )و = )4 1gf ′=   

2( f  ق��	�%� �#�  �#/ ا�,�,+ 8,� $�

 :  �8,� $��#� �%�	��ق fو! ���0 1x =  

4  3  2 1 0  -1  -2 x 
-5  0  3  4  3  0  -5 f(x) 
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3( ( ) ( )1g x x x= )و    − )0 0g =( ) ( )
( ) ( )

1 ; 0

1 ; 0

g x x x x

g x x x x

= − ≥


= − − ≤

  

( ) ( ) ( )
0 0 0

0 1 0
lim lim lim 1 1

0 0x x x

f x f x x
x

x x+ + +→ → →

− − −
= = − = −

− −
  

   ��#� �%�	��ق  gو!�$ ��0�#/ ا�,�,+ � 0x )و = )1 0df ′− =   

 ( ) ( ) ( )
0 0 0

0 1 0
lim lim lim 1 1

0 0x x x

f x f x x
x

x x− − −→ → →

− − − −
= = − + =

− −
  

  ��#� �%�	��ق  gو!�$ ��0�#/ ا�,�3ر � 0x )و = )1 0gg′− =   

g  ق��	�%� �#���  �#/ ا�,�3رو�#/ ا�,�,+ $��0 0x =   

)و�7+ :  ) ( )0 0d gg g′ ′≠  

 :  �8,� $��#� �%�	��ق gو! ���0 0x =  

�����14 : +7	�f :ب ���
) دا�� ! ) 22 2 3f x x x= − −  .  


��� ا��ا�� )1; ��(�X! �1دf 

)أ231 ا��@���ت ا�	��,� :  )2 )lim
x

f x
→+∞

)و       )lim
x

f x
→−∞

 

 وأدرس ا��ر;@� fأ231 !'	�� ا��ا��  )3

  .  �1fد �Bول ;A,�ات ا��ا�� )4
5( Pط��; L�� �1د( )fC ا���.- �#�ا�� /�0�  !P !0)ر ا?��f .-,Tا��

6( Pط��; L�� �1د( )fC ا���.- �#�ا�� /�0� .!P !0)ر ا?را;,f 2ا��

�0
 ا����6 ا�Oي أ��1f�@�(5د !
�د�� ����س !�0/ ا��ا��  )7 3x = −   

8(  R�)أر )fCا���.- �#�ا�� /�0�  fا��

�1ود�� اذن  fا��ا�� )1 ا����� :
fD = ℝ  

2( ( ) 2 2lim lim 2 2 3 lim 2
x x x

f x x x x
→+∞ →+∞ →+∞

= − − = = +∞ 

( ) 2 2lim lim 2 2 3 lim 2
x x x

f x x x x
→−∞ →−∞ →−∞

= − − = = +∞  

3(( ) ( )22 2 3 4 2f x x x x′′ = − − = −:x∀ ∈ℝ  

( ) 0f x′ = 
�
�4 2 0x − =  
�
�1

2
x =  

)��رس ا��رة :  )f x′
 

 
:D��� 1اذا

;
2

x
 ∈ +∞  

)��ن :   ) 0f x′ ≥   �  ;:ا���  fو!

:D��� 1اذا
;
2

x
 ∈ −∞  

)��ن :   ) 0f x′ ≤   ���f �,5$و!;  


 �Bول ��B /�3ول ا�	A,�ات :4� EF�	�  )�#GH ا�

  
5(-,T��?0)ر ا! P! Pط��	ا� L�� ���0; 
) �0- ا��
�د�� :  ) 0f x =  
�
�22 2 3 0x x− − =

  
 


��ل ا���,:	���  �0- ا��
�د�� 
2a 2bو   = = 3cو  − = − 

( ) ( )22 4 2 4 2 3 4 24 28 0b ac∆ = − = − − × × − = + = >  

0��� أن∆   ��ن ھOه ا��
�د�� ;��- 1#,+ ھ��:  ≺

1 2

b
x

a

− + و   =∆
2 2

b
x

a

− − ∆=  

1

2 28 2 4 7 2 2 7 1 7

2 2 2 2 2 2 2
x

+ + × + += = = =
× × ×

و   
2

1 7

2
x

−=  

: Rھ Pط��	ا� L��  �1 و! 7
;0

2
A
 +
  
 

1و  7
;0

2
B
 −
  
 

   

6Pط��; L��(( )fC ا���.- �#�ا�� /�0�  !P !0)ر ا?را;,f 2ا��

: L�� 230� ( )0f     

( )0 3f = − :
)و!�  ���6 ا�	��طP ھ )0; 3C − 
7( ( ) ( )( )0 0 0y f x f x x x′= + −   0 3x = −  

( ) ( )( )3 3 3y f f x′= − + − +  
( )14 21 21 14 3y x y x= − + ⇔ = − +  

)?ن :  )3 21f − )و    = )3 14f ′ − = − 
  

8 R�))ر )fCا���.- �#�ا�� /�0�   fا��

  
  
  
 

  
16ا�	`�_#,� ا�	��,�:  ���
�دا�1-  : �����15 0y y′′ + =      

 :ا���اب
24 0 16 0y y y y′′ ′′+ = ⇔ + = :  

16و!�  ا�0- ا�
�م �#�
�د�� ا�	`�_#,� 0y y′′+ =   

 :  yھ) !�X)�� ا��وال #� ��� ���
  ا��

: cos 4 sin 4y x x xα β→ +   a,1α ∈R  وβ ∈R  

4) 11- ا��
�د=ت ا�	`�_#,� ا�	��,�:  : �����16 0y y′′+ =     

    2( 8 0y y′′+ =  3 (0y y′′ + =     4( 9 16 0y y′′ + =  

22)1  ا���اب: 0 4 0y y y y′′ ′′+ = ⇔ + = :  
4و!�  ا�0- ا�
�م �#�
�د�� ا�	`�_#,� 0y y′′+ =   


 :   yھ) !�X)�� ا��وال #� ��� ���
  ا��
 : cos 2 sin 2y x x xα β→ +   a,1α ∈R  وβ ∈R  

3  2  1 1/2 0  -1  -2 x 
9  1  -3  -7/2  -3  1  9 f(x) 
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2 (( )2

2 2 0 8 0y y y y′′ ′′+ = ⇔ + = :  

8و!�  ا�0- ا�
�م �#�
�د�� ا�	`�_#,� 0y y′′+ =   


 :  yھ) !�X)�� ا��وال #� ��� ���
:ا�� cos2 2 sin2 2y x x xα β→ +   
  a,1α ∈R  وβ ∈R  

3 (20 1 0y y y y′′ ′′+ = ⇔ + = :    
0yو!�  ا�0- ا�
�م �#�
�د�� ا�	`�_#,� y′′+ =   


 :    yھ) !�X)�� ا��وال #� ��� ���
:ا�� cos1 sin1y x x xα β→ +  

   a,1α ∈R  وβ ∈R  

4 (
2

4 16
0 0 9 16 0

3 9
y y y y y y ′′ ′′ ′′+ = ⇔ + = ⇔ + = 

 
 :  

8ا�
�م �#�
�د�� ا�	`�_#,�و!�  ا�0-  0y y′′+ =   


 :    yھ) !�X)�� ا��وال #� ��� ���
4ا�� 4
: cos sin

3 3
y x x xα β→ +  

   a,1α ∈R  وβ ∈R  
  

�� �0/ ا��وال
1�� 23�&  
��
  و���0���ت 
�! ا��وال ا��1

 
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  

  
  

  

  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  

  
  
  
  

��  ا��ا��
ا��ا�� ا��1 f ′  

( ) tanf x x=  ( ) 2
2

1
1 tan

cos
f x x

x
′ = = +  

( )f x u v= +  ( )f x u v′ ′ ′= +  

( )f x u v= −  ( )f x u v′ ′ ′= −  

( ) .f x k u=  ( ) .f x k u′ ′=  

( )f x u v= ×  ( )f x u v u v′ ′ ′= × + ×  

( ) nf x u=  ( ) nf x nu u′ ′= ×  

( ) 1
f x

u
=  ( ) 2

u
f x

u

′′ = −  

( ) u
f x

v
=  ( ) 2

u v u v
f x

v

′ ′× − ×′ =  

( )f x u=  ( )
2

u
f x

u

′′ =  

��  ��ا��
ا��ا�� ا��1 f ′  

( )f x k=  ( ) 0f x′ =  

( )f x x=  ( ) 1f x′ =  

( )f x ax=  ( )f x a′ =  

( )f x ax b= +  ( )f x a′ =  

( ) nxxf =  ( ) 1nf x nx −′ =       n ∗∈Z  

( ) 1
f x

x
=  ( ) 2

1
f x

x
′ = −  

( )f x x=  ( ) 1

2
f x

x
′ =  

( ) xxf cos=  ( ) sinf x x′ = −  

( ) xxf sin=  ( ) cosf x x′ =  

( ) ( )baxxf += cos  ( ) ( )sinf x a ax b′ = − +  

( ) ( )baxxf += sin  ( ) ( )cosf x a ax b′ = +  

( ) tanf x x=  ( ) 2
2

1
1 tan

cos
f x x

x
′ = = +  

« c’est en forgeant que l’on devient 
forgeron » dit un proverbe.  

c’est en s’entraînant régulièrement 

aux calculs et exercices que l’on 

devient un mathématicien  
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