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  النهايات

• ( )lim
x a

f x l
→

=  �����( )0, 0, ,fx D x a f x lε α α ε∀ > ∃ > ∀ ∈ − < ⇒ − < 

• ( )lim
x a

f x
→

= +∞   �����( )0, 0, ,fA x D x a f x Aα α∀ > ∃ > ∀ ∈ − < ⇒ ≥ 

• ( )lim
x a

f x
→

= −∞  �����( )0, 0, ,
f

B x D x a f x Bα α∀ < ∃ > ∀ ∈ − < ⇒ ≤ 

• ( )lim
x a

f x l
+→

=  �����( )0, 0, ,0
f

x D x a f x lε α α ε∀ > ∃ > ∀ ∈ < − < ⇒ − < 

• ( )lim
x a

f x l
−→

=  �����( )0, 0, , 0
f

x D x a f x lε α α ε∀ > ∃ > ∀ ∈ − < − < ⇒ − < 

• ( )lim
x a

f x
+→

= +∞  �����( )0, 0, ,0fA x D x a f x Aα α∀ > ∃ > ∀ ∈ < − < ⇒ ≥ 

• ( )lim
x a

f x
−→

= +∞  �����( )0, 0, , 0fA x D x a f x Aα α∀ > ∃ > ∀ ∈ − < − < ⇒ ≥ 

• ( )lim
x a

f x
+→

= −∞ �����( )0, 0, ,0
f

B x D x a f x Bα α∀ < ∃ > ∀ ∈ < − < ⇒ ≤ 

• ( )lim
x a

f x
−→

= −∞ �����( )0, 0, , 0fB x D x a f x Bα α∀ < ∃ > ∀ ∈ − < − < ⇒ ≤ 

• ( )lim
x

f x l
→+∞

=  �����( ) ( )0, 0, ,fA x D x A f x lε ε∀ > ∃ > ∀ ∈ ≥ ⇒ − < 

• ( )lim
x

f x l
→−∞

= �����( ) ( )0, 0, ,fB x D x B f x lε ε∀ > ∃ < ∀ ∈ ≤ ⇒ − < 

• ( )lim
x

f x
→+∞

= +∞ �����( )0, 0, ,fA B x D x B f x A∀ > ∃ > ∀ ∈ ≥ ⇒ ≥ 

• ( )lim
x

f x
→+∞

= −∞�����( )0, 0, ,
f

A B x D x B f x A∀ < ∃ > ∀ ∈ ≥ ⇒ ≤ 

• ( )lim
x

f x
→−∞

= +∞�����( )0, 0, ,fA B x D x B f x A∀ > ∃ < ∀ ∈ ≤ ⇒ ≥ 

• ( )lim
x

f x
→−∞

= −∞�����( )0, 0, ,
f

A B x D x B f x A∀ < ∃ < ∀ ∈ ≤ ⇒ ≤  

  


	�� �دا�� ��د �� � ��
  ∞−أو ��د  ∞+�	

   


�ن  ��f  ل
]دا�� �دد�� ��ر�� ��� �� [,a ��aث  ∞+ ∈ℝ . 

)إذا �
ن  )f x  ؤول  ∞+�ؤول إ��� 

ب  ∞+إ��  ��xد��� 
�� �( )lim
x

f x
→+∞

= +∞  

  

 : ���

)#�)س ا�طر�%� ����ك ا�
�#�ر �ن ا��
�ت ا� )lim
x

f x
→+∞

= )و  ∞− )lim
x

f x
→−∞

= )و  ∞+ )lim
x

f x
→−∞

= −∞  

  

• lim
x

x
→+∞

= +∞  • 2
lim

x
x

→+∞
= +∞  • 3

lim
x

x
→+∞

= +∞  • lim
x

x
→+∞

= +∞  

• lim
x

x
→−∞

= −∞  • 2
lim

x
x

→−∞
= +∞  • 3

lim
x

x
→−∞

= −∞    
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∗�ن  ��nل  •
ℕ  : 
�limد�� n

x
x

→+∞
= limو    ∞+ n

x

nزو��
x

∞−→�������nدي





+∞=
−∞

  

  


	�� �دا�� ��د �� ��
  ∞−أو ��د  ∞+�	


�ن  ��f  ل
]دا�� �دد�� ��ر�� ��� �� [,a ��aث  ∞+ ∈ℝ  و ���نl .
 �ددا �%�%�

)إذا �
ن  )f x  ؤول إ�� ا��دد�l  ؤول� 

ب  ∞+إ��  ��xد��� 
�� �( )lim
x

f x l
→+∞

=.  


�ن  ��f  ل
[دا�� �دد�� ��ر�� ��� �� ],b−∞  ث��b ∈ℝ  و ���نl ′ .
 �ددا �%�%�

)إذا �
ن  )f x  ؤول إ�� ا��دد�l 
ب  ∞−إ��  ��xد�
 �ؤول  ′�� 
�� �( )lim
x

f x l
→−∞

′=..  

  

  

• 
1

lim 0
x x→+∞

=  • 
1

lim 0
x x→−∞

=  • 
1

; lim 0
nx

n
x

∗

→+∞
∈ =ℕ  • 

1
; lim 0

nx
n

x

∗

→−∞
∈ =ℕ  

  

  


�ن �f  دا�� �دد��  وl .
  �ددا �%�%�


%#ل �	
��  fإذا �
�ت  �l  )�+∞  )� و��دة. ∞−( أو ��
 ) � ن ھذه ا��	

� ( )lim
x

f x l
→+∞

=  /�
��( )( )lim 0
x

f x l
→+∞

− = 

� ( )lim
x

f x l
→−∞

=  /�
��( )( )lim 0
x

f x l
→−∞

− =  

  


ت ا���
	��  و ا�0��
	�� �دا�� �( �%ط��
  ا��	

  


�ن �f  دا�� �دد��  وa وl  دد�ن �%�%��ن #��ث�f  ل ��� ا��1ل
[��ر�� ��� �� [,a aα α− ��αث  + +
∗∈ℝ  ��� أو

[���و�� ��� ا��1ل  [ { },a a aα α− + −   

)إذا �
ن  )f x  ؤول إ�� ا��دد�l  ؤول� 

ب  aإ�� ا��دد  ��xد��� 
�� � ،( )lim
x a

f x l
→

=  

  

  


�ن �f  دا�� �دد��  وa وl دد�ن �%�%��ن�.  


%#ل �	
��  fإذا �
�ت l )� a .و��دة ��
  ، � ن ھذه ا��	
  

  

• 
0

lim 0
x

x
→

=  • 2

0
lim 0
x

x
→

=  • 3

0
lim 0
x

x
→

=  • 
0

lim 0
n

x
x

→

ن  ��nل  =

∗
ℕ  
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�ن �f  دا�� �دد��  وa . 
  �ددا �%�%�

)إذا �
ن  )f x  ؤول  ∞+�ؤول إ��� 

ب  aإ��  ��xد��� 
�� � ،( )lim
x a

f x
→

= +∞ .  

  

  ا��	
�� ��� ا����ن و ا��	
�� ��� ا��3
ر �دا�� �( �%ط�

  


�ن �f  دا�� �دد��  وa وl .دد�ن �%�%��ن�  

)إذا �
ن  � )f x  ؤول إ���l  ؤول� 

ب  aإ��  ��xد��� 
)��� ا����ن � �� )lim
x a
x a

f x l
→
>

)أو   = )lim
x a

f x l
+→

= 

)إذا �
ن  � )f x  وا�( إ��   ∞+�ؤول إ��

ب  aإ�� x) ��د�
 �ؤول  ∞−( ��� ا��� 
��� ا����ن � ��

( )lim
x a
x a

f x
→
>

= )أو  ∞+ )lim
x a

f x
+→

= )( ��� ا�
وا�(  ∞+ )lim
x a
x a

f x
→
>

= )أو  ∞− )lim
x a

f x
+→

= −∞ ( 

�  ��� ��
3
ر �دا�� �( �)ط�.ا��رف #�)س ا�طر�%� ا��	��  

  

  

• 
0

0

1
lim
x
x

x→
>

= +∞  • 
0

0

1
lim
x
x

x→
<

= −∞  • 
0

0

1
lim
x
x

x→
>

= +∞  

• 
0

0

1
;lim

nx
x

n
x

∗

→
>

∈ = +∞ℕ  

 زو��
 ��ر ���دم ،� ن : nإذا �
ن   •

0

0

1
lim

nx
x

x→
<

= +∞  

• 
0

0

lim 0
x
x

x
→
>

=  

 �رد�
 �7ر ���دم ، � ن :  nإذا �
ن  •  

0

0

1
lim

nx
x

x→
<

= −∞  

  

  

  


�ن �f . دا�� �دد��  

( )lim
x a

f x l
→

=   /�
��( ) ( )lim lim
x a x a
x a x a

f x f x l
→ →
> <

= =  

  


ت�
  ا�����
ت ��� ا��	

  

+∞  −∞  +∞  l  l  l  lim f  
−∞  −∞  +∞  −∞  +∞  'l  lim g  

��ل 
�ر 

�دد  

−∞  +∞  −∞  +∞  'l l+  lim f g+  
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±∞  −∞ −∞  +∞  +∞  0l <  0l <  0l >  0l >  l  lim f  
0  −∞ +∞  −∞  +∞  −∞  +∞  −∞  +∞  'l  lim g  

��ل 
�ر 

�دد  

+∞ −∞  −∞  +∞  +∞  −∞  −∞  +∞  'l l×  lim f g×  

  

−∞  +∞  0
−  0

+  0l ≠  lim f  

0  0  −∞  +∞  1

l
  

1
lim

f
  

  

−∞  −∞  +∞  +∞  ±∞  l  0l <  0l <  0l >  0l >  l  lim f  

0
−  0

+  0
−  0

+  ±∞  ±∞  0
−  0

+  0
−  0

+  ' 0l ≠  lim g  

�ر 
��ل   ∞+  ∞−  ∞−  ∞+

�دد  

0  +∞  −∞  −∞  +∞  

'

l

l
  lim

f

g
  

  


�� دا�� �ذر�� –�	
�� دا�� �دود�� 	�  

  


�ن  •�P  وQ  ن و�
دا�
�ن �دود�
0

x . 
 �ددا �%�%�

� ( ) ( )
0

0
lim
x x

P x P x
→

=  

� 
( )
( )

( )
( )0

0

0

lim
x x

P xP x

Q x Q x→
=  ��
� )�( )0

0Q x ≠  

 ا�8#ر در�� ، � ن :  Qو  Pھ�
 ��� ا�
وا�( �د�
(  mbxو  naxو إذا �
�ت  •

� ( )lim lim
n

x x
P x ax

→+∞ →+∞
=  � ( )lim lim

n

x x
P x ax

→−∞ →−∞
=  

� 
( )
( )lim lim

n

mx x

P x ax

Q x bx→+∞ →+∞
=  � 

( )
( )lim lim

n

mx x

P x ax

Q x bx→−∞ →−∞
=  

  

  


�� ا�دوال ا��0ذر��	�  

  


�ن �f  ل
]دا�� �دد�� ��ر�� ��� �� [,a ]#��ث :  ∞+ [( ) ( ), ; 0x a f x∀ ∈ +∞ ≥  

)إذا �
ن  • )lim
x

f x l
→+∞

0lو  = )� ن :  ≤ )lim
x

f x l
→+∞

= 

)إذا �
ن  • )lim
x

f x
→+∞

= )� ن :  ∞+ )lim
x

f x
→+∞

= +∞  

x  أو إ��  ∞−�ؤول إ��a  أو إ��a  ن أو إ���
����� إذا ��ن   ��� ا����ر ���a ا�� ���� ���ھذه ا���
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ت ا�دوال ا����9�9�
	�  

  

  

� 
0

sin
lim 1
x

x

x→
=  � 

2
0

1 cos 1
lim

2x

x

x→

− =  � 
0

n
lim 1
x

ta x

x→
=  

  

∗�ن  ��aل  �
ℝ  :

( )
0

sin
lim
x

ax
a

x→
=   

�limsinد�#� :  ℝ�ن  ��aل  � sin
x a

x a
→

=  

� 
0

limsin 0
x

x
→

و  =
0

lim tan 0
x

x
→

limcos �د�#� : ℝ�ن  ��aل  �  = cos
x a

x a
→

=  

� 
0

limcos 1
x

x
→

=  

(��ل  �
2

a k
π π≠ �k�ث  + ∈ℤ  (lim tan tan

x a
x a

→
=  

  

  


ت و ا�
ر
�ب �
  ا��	

  


� �ن ا��وع  ���Iن ��[ [,a   . Iدوال �دد�� ��ر�� ��� ا���
ل  vو  uو �fددا �%�%�
 و �
�ن  lو  ∞+

 إذا �
ن : )1
( ) ( ) ( )

( )
;

lim
x

x I u x f x

u x
→+∞

∀ ∈ ≤
 = +∞

)� ن :   )lim
x

f x
→+∞

= +∞ 

 إذا �
ن : )2
( ) ( ) ( )

( )
;

lim
x

x I u x f x

u x
→+∞

∀ ∈ ≥
 = −∞

)� ن :   )lim
x

f x
→+∞

= −∞ 

 إذا �
ن : )3
( ) ( ) ( )

( )
;

lim 0
x

x I f x l u x

u x
→+∞

 ∀ ∈ − ≤
 =

)� ن :   )lim
x

f x l
→+∞

= 

 إذا �
ن : )4
( ) ( ) ( ) ( )

( ) ( )
;

lim lim
x x

x I u x f x v x

u x v x l
→+∞ →+∞

∀ ∈ ≤ ≤
 = =

)� ن :    )lim
x

f x l
→+∞

  ( �#رھ�� ا�درك )   =

x  أو إ��  ∞−�ؤول إ��a  أو إ��a  ن أو إ���
�'&ذه  ��� ا����ر ���a ا���� ������� إذا ��ن  �تا��� ����
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